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THE EIGHTH ANNUAL MEETING OF THE 
AMERICAN MATHEMATICAL SOCIETY. 


Tue Eighth Annual Meeting of the American MATHE- 
MATICAL Society was held in New York City on Friday and 
Saturday, December 27-28, 1901. A single day’s session 
now often barely suffices for the adequate presentation of the 
programme of an ordinary meeting of the Society. It was 
therefore decided last year to extend the annual meeting to 
cover two days, in the hope of relieving considerably the 
severe compression occasioned by the constantly increasing 
number of papers presented. The energetic response of the 
Society’s productive forces has, however, been such as to 
leave the problem precisely where it was before. The read- 
ing of twenty-seven or more mathematical papers in two 
days is, it appears, a possible feat, but hardly one for sober 
commendation. It is becoming a serious question whether 
it will not be necessary in the near future to adopt a practice 
of selection, permitting the presentation, even then in rather 
condensed form, of more important papers only, those of 
lesser interest or value being read in severely brief abstract or 
by title. This plan would possess certain advantages in 
point of dignity over the present hurried procedure ; it 
would also permit better opportunity for intelligent discus- 
sion of important tendencies and larger interests. The 
annual meeting and the summer meeting stand in especial 
need of some such relief. 

During the past year, the Society has in all respects 
maintained a vigorous growth. The membership has in- 
creased from 357 to 375, the number of papers read from 
112 to 136. The total attendance of members at all meet- 
ings was 231, and the number attending at least one meet- 
ing was 131. The Council has been enlarged and an assist- 
ant secretary has been added to the administrative forces. 
The presidential term has been extended to two years, and 
the date of the presidential address has been changed to the 
more appropriate occasion of the Jast annual meeting of the 
presidential term. An especially important event was the 
deposit of the library of the Society in the charge of Colum- 
bia University, by which the books become generally acces- 
sible to our members. A catalogue will be issued and rules 
for the use of the library will be formulated as soon as prac- 
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ticable. Professor Pomeroy Ladue, who has faithfully dis- 
charged the duties of Librarian of the Society since 1895, 
has resigned this position, being succeeded by Professor 
D. E. Smith. Resolutions expressing appreciation of Pro- 
fessor Ladue’s long and valuable services were adopted by 
the Council. 

The attendance of members at the annual meeting was 
fifty-nine, slightly surpassing the highest previous record of 
all meetings and marking an increase of fifty per cent. over 
any previous annual meeting. The following members were 
recorded as present : 

Dr. Grace Andrews, Mr. C. H. Ashton, Dr. G. A. Bliss, 
Professor Maxime Bécher, Professor Joseph Bowden, Pro- 
fessor E. W. Brown, Dr. J. E. Clarke, Professor F. N. 
Cole, Professor E. S. Crawley, Dr. W. S. Dennett, Dr. 
William Findlay, Professor G. E. Fisher, Professor T. S. 
Fiske, Mr. W. B. Ford, Dr. A. S. Gale, Professor Fanny 
C. Gates, Dr. G. B. Germann, Dr. W. A. Granville, Pro- 
fessor Harris Hancock, Professor James Harkness, Pro- 
fessor J. N. Hart, Professor Edwin Haviland, Jr., Dr. E. 
R. Hedrick, Dr. A. A. Himowich, Dr. E. V. Huntington, 
Professor Harold Jacoby, Mr. S. A. Joffe, Dr. Edward 
Kasner, Dr. C. J. Keyser, Professor Pomeroy Ladue, Pro- 
fessor W. W. Landis, Professor Gustave Legras, Dr. C. T. 
Lewis, Dr. Emory McClintock, Dr. Isabel Maddison, Dr. 
Emily N. Martin, Professor Mansfield Merriman, Professor 
E. H. Moore, Professor F. Morley, Dr. J. L. Patterson, 
Mr. J. C. Pfister, Professor James Pierpont, Dr. I. E. 
Rabinovitch, Professor J. K. Rees, Professor E. D. Roe, 
Dr. Arthur Schultze, Professor I. J. Schwatt, Professor 
Charlotte A. Scott, Dr. S. E. Slocum, Professor P. F. Smith, 
Dr. Virgil Snyder, Dr. H. F. Stecker, Dr. W. M. Strong, 
Professor J. H. Van Amringe, Professor E. B. Van Vleck, 
Professor L. C. Wait, Professor A. G. Webster, Professor 
J. B. Webb, Professor R. S. Woodward. 

Morning and afternoon sessions were held on each day. 
The President of the Society, Professor Eliakim Hastings 
Moore, occupied the chair, being relieved at the later sessions 
by Vice-President Professor Thomas S. Fiske. The Council 
announced the election of the following persons to member- 
ship in the Society: Professor R. E. Allardice, Stanford 
University ; Dr. Grace Andrews, Columbia University ; 
Mr. S. E. Brasefield, Michigan State Agricultural College ; 
Mr. W. E. Brooke, University of Minnesota; Professor T. 
C. Esty. University of Rochester; Mr. L. L. Jackson, State 
Normal School, Brockport, N. Y. Seven applications for 
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admission to the Society were received. Reports were re- 
ceived from the Secretary, Treasurer, Librarian, and Audit- 
ing Committee. These reports will appear in the Annual 
Register. 

An enjoyable social feature of the meeting was the dinner 
held on Friday evening at Hotel Marlborough. Falling 
between the two days of the meeting, this was a remark- 
ably successful occasion. Fifty persons were present, in- 
cluding several representatives of the American Physical 
Society, which met on Friday. 

At the annual election, which was held on Saturday 
morning, the following officers and members of the Council 
were chosen : 


Professor Maxime Bocuer, 


Professor FRANK MoRLEyY. 
Secretary, Professor F. N. Core. 
Treasurer, Dr. W. 8. DENNeETT. 
Librarian, Professor D. E. Suirx. 


Committee of Publication, 


Professor F. N. Coie, 
Professor ALEXANDER ZIWET, 
Professor FRANK Mor.ey. 


Members of the Council to serve until December, 1904, 


Professor Pomeroy Professor P. F. Smiru, 
Professor G. A. MILLER, Professor E. B. Van VLEcK. 


The following papers were presented at the meeting : 


(1) Dr. Viner, Snyper: “ Further types of unicursal 
sextic scrolls.’’ 
(2) Dr. Emory McCurntock: ‘‘On the nature and use 


of the functions employed in the recognition of quadratic 
residues. ’’ 

(3) Professor Harotp Jacosy: ‘‘ A theorem concerning 
the method of least squares.’’ 

(4) Professor Harris Hancock: ‘‘ The theory of maxima 
and minima of functions of several variables.’’ 

(5) Professor Sir R. S. Batt: ‘‘ Recent researches in the 
theory of screws.”’ 

(6) Dr. H. F. Srecxer: “On surfaces whose geodetic 
lines are represented by curves of the second degree when 
represented conformally upon the plane.” 
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(7) Professor CHaRLoTTe A. Scott: ‘‘ A recent method 
for treating the intersections of plane curves.’’ 

(8) Dr. Epwarp Kasner: ‘‘Two principles in the 
theory of multiple forms.’’ 

(9) Mr. D. R. Curtiss: ‘‘ On the invariants of a homo- 
geneous quadratic differential equation of the second 
order.’’ 

(10) Professor ARNOLD Emcz : ‘‘ Some applications of the 
theory of assemblages.”’ 

(11) Professor G. A. Mrtter: ‘‘On a method for con- 
structing all the groups of order p”.’’ 

(12) Dr. S. E. Stocum: ‘‘ Note on the transformation of 
@ group into its canonical form.’’ 

(13) Dr. E. R. Heprick: ‘‘On the characteristics of 
diff-rential equations.’’ 

(14) Professor Cuar.totre A. Scorr: ‘‘ On the circuits 
of plane curves.’’ 

(15) Professor F. Mor.tey and Mr. A. B. Cosie: ‘‘ On 
plane quartic curves.”’ 

(16) Professor Maxime Bécuer: ‘‘ On the real solutions 
of systems of two homogeneous linear differential equations 
of the first order.’’ 

(17) Professor E. H. Moore: “ On the projective axioms 
of geometry.’’ 

(18) Dr. E. R. Hepricx: ‘‘ Remarks on the sufficient 
conditions in the calculus of variations.’’ 

(19) Dr. L. P. Etsengartr: ‘‘ Note on isotropic con- 
gruences.”’ 

(20) Dr. L. P. Ersennart: ‘ Lines of length zero on 
surfaces.”’ 

(21) Dr. W. B. Frre: ‘‘ Concerning the class of a group 
of order p” that contains an operator of order p"~* or p™—*, 
p being a prim~.”’ 

(22) Dr. Epwarp Kasyer: ‘A characteristic property 
of the parabolic curve of the nth order.’’ 

(23) Dr. Cart GunpErRsEN: ‘‘ On the content or measure 
of assemblages of points.’’ 

(24) Mr. J. W. Youne: ‘On the holomorphisms of a 
group.’’ 

(25) Professor P. F. Smirn: ‘‘ On the resolution of or- 
thogonal transformations.”’ 

(26) Mr. Sau Epsteen: ‘ Proof that the group of an 
irreducible linear differential equation is transitive.’’ 

(27) Dr. W. B. Forv: “On the uniform convergence 
of Fourier’s series.’’ 

Professor Ball was introduced by Professor E. W. Brown, 
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Mr. Curtiss by Professor Bécher, Dr. Gunderson by Pro- 
fessor Fiske. Mr. Young’s paper was presented to the So- 
ciety through Dr. Stecker, Dr. Epsteen’s through Professor 
Lovett. In the absence of the authors, the papers of Dr. 
Fite and Mr. Young were read by Dr. Stecker, and the 
papers of Professor Jacoby, Professor Emch, Professor 
Miller, Dr. Eisenhart, Professor Smith, and Dr. Epsteen 
were read by title. Abstracts of the papers follow below. 


Dr. Snyder’s paper considered sextic scrolls as generated 
by lines joining corresponding points of two unicursal 
curves, the sum of whose orders is six. Either or both 
directing curves may be replaced by a multiple curve of 
lower order, or by curves of higher order which intersect in 
one or more self-corresponding points. Different types ex- 
ist according to the configuration of the multiple points and 
of the assumed points which define the correspondence. 
This list. together with that presented at the Ithaca meet- 
ing, comprises 66 types. The only further types are those 
which may arise from limiting cases of these, or from 
imaginary nodal curves. Neither of these forms have been 
considered. 


The integer n is or is not a quadratic residue of the prime 
k according as the value of Legendre’s function (n/k) = 
(mod k) is+lor—1. The evaluation of (n/k) is 
performed by depressing the numerical value of n, if greater 
than k, and by clearing it of powers of 2, so as to make n 
odd and less than k. The ‘‘ law of quadratic reciprocity ’’ 
is then employed to transpose the numbers, and the new 
number on the left hand is depressed as before, and so on 
till the result is attained. Dr. McClintock has discovered 
simple relations affecting the right hand number so as to 
permit the depression of the two numbers alternately, 
without transposition. His paper treats of this class of 
functions in the most comprehensive manner, developing 
their various relations first from one definition and then 
from another, and closes with practical rules and illustra- 
tions. It has appeared in the January number of the 
Transactions. 


Professor Jacoby’s paper is in abstract as follows: Let 
there be given two series of observation equations as follows : 


by+oz+--+n,=0, (1) 
an+ by +e2+--+n,=0, 


= 
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az+bytez+--+pwt -+n, =0, (2) 

the equations being identical in the last two series except 
for the addition of one or more new unknowns »w, --- in (2). 
Let each series of equations be solved by the method of 
least squares, and let: [vv],, be the sum of the squares of 
the residuals resulting from the solution of equations (1), 
[vv], be the sum of squares of the residuals resulting from 
the solution of equations (2); then, no matter what may be 
the law of the coefficients p,, p,, ---, and even if these co- 
efficients are assigned at random, [vw], is always larger 
than [vv],. 

Corollary.—It is easy to extend the theorem to an addi- 
tional case of equal importance. Instead of introducing 
the new unknowns w, ---, by adding them to those already 
occurring in equations (1), we may select out certain equa- 
tions from the series (1), and simply substitute new un- 
knowns, like w, for old ones, like z, leaving the coefficients 
unchanged. 

Conclusion.—The method of least squares is used ordi- 
narily to adjust series of observation equations so as to ob- 
tain the most probable values of the unknowns. But there 
is a subtler and perhaps more important use of the method : 
when it is employed to decide which of two hypothetical 
theories has the greater probability of really being a law of 
nature ; or to decide between two methods of reducing ob- 
servations. Cases abound in astronomy where the method 
of least squares is used for this purpose. It has been so em- 
ployed, for instance, to decide whether stellar parallax 
observations should be reduced with equations involving 
terms depending on atmospheric dispersion, and terms de- 
pending on the hour angle; to ascertain whether portable 
transit observations should be reduced on the supposition of 
a change of azimuth on reversal of the instrument (an ap- 
plication of the Corollary ) ; etc., etc. 

In such cases, astronomers not infrequently give prefer- 
ence to that solution which brings out the smallest value of 
[vv], the sum of the squared residuals. But in the light of 
the above theorem, it becomes clear that the mere diminu- 
tion of [vv] alone is insufficient to decide between two 
solutions, when one involves more unknowns than the 
other. To give preference to the second solution it is 
necessary that the diminution of [vv] be quite large, and 
that the additional unknowns possess a decided a priori 
probability of having a real existence. 
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In Professor Hancock’s paper the treatment is divided 
into two heads: 1° where no subsidiary conditions involv- 
ing the variables are present ; 2° where there are subsidiary 
conditions. The functions are supposed to be regular within 
the realms considered and may therefore be developed in 
convergent power series. The first necessary condition for 
the existence of maximal or minimal values is the vanish- 
ing of the first derivatives. The second condition is made 
to depend upon homogeneous quadratic forms. These forms 
must be definite and may vanish: 1° when all the vari- 
ables vanish ; 2° for other values of the variables. The 
discussion as regards the sign of these forms is then made 
to depend upon the quotients of determinants of different 
orders and upon the reality and signs of the roots of sym- 
metrical determinants. The question of the existence of a 
maximum or minimum is considered, the asymptotic ap- 
proach to an upper or lower limit, ete. The theory is illus- 
trated with numerous examples and applications. 


Professor Sir R. S. Ball’s paper is in abstract as follows : 
The movement of a material system of the most general type 
can be represented with the help of a geometrical entity 
termed a screw chain, associated with a metric quantity pos- 
sessing the dimensions of an angular velocity. Any small 
displacement of a system free or constrained in any way can 
be represented by a twist about a screw chain. Any set of 
forces acting on such a system can be represented by a 
wrench on ascrew chain. The meaning of reciprocal screw 
chain systems is explained. The problem of impulsive 
forces was considered. It was shown that the number of 
principal screw chains of inertia equals the number of de- 
grees of freedom of the system. A quiescent system receiv- 
ing an impulsive wrench on a principal screw chain of in- 
ertia will commence to move by twisting about that screw 
chain. The differential equation which must be satisfied 
by the function expressing the kinetic energy of a system 
when screw chain codrdinates are employed was obtained. 
The physical meaning of this equation was considered, and 
the meaning of permanent screw chains. A generalization 
of Euler’s dynamical equation followed. 


Dr. Stecker’s paper considers the determination, in detail, 
of surfaces whose geodetic lines are represented by curves of 
the second degree in the plane. There are six different types 
of resulting differential equations, and six corresponding 
systems of partial differential equations. For three of these 
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it is shown that no solution exists. For a fourth case the 
results are found to be 


[AQ@)w + + 
_ Dou + Ho, 
[A(v)u? + B(v)u+ C(v)]? A(v)u’? + B(w)u + Cr), 
F D(v)u + H(v) 


~ [A(v)u? + B(v)u + 
K = A(v) C(v) — 


where K is the Gaussian curvature of the surface. For the 
fifth type 
1 ev 
(ev 4) 


j2 
+e) 


F=0, 


and 4 depends upon the eccentricity of the curve. The sixth 
case comes from the fifth by an interchange of u and v and 
a change of certain constants. 


A recent memoir by Dr. F. S. Macaulay (Proceedings of 
the London Mathematical Society, volume 31) throws an inter- 
esting light on the nature of the conditions to which the 
coefficients in the equation of a curve must be subject in 
order that the equation may be expressible in the form Pu + 
Qv=0. The conditions can be written as a single “ prime 
equation ’’ with all equations obtained from it by a particu- 
lar process of derivation. The nature of the set of equations 
thus obtained is investigated by Miss Scott more minutely 
than in Dr. Macaulay’s memoir, with the result that differ- 
ent and simpler proofs are obtained for the theorems ; the 
fundamental theorem in these proofs is that if two equations 
have a common derivative, then they have a common source 
for any two curves for which the two equations are satisfied. 


In a paper presented at the summer meeting Dr. Kasner 
considered the relation between the theories of double 
binary forms with respect to cogredient and digredient 
transformations. In the present paper the author extends 
the principle involved to: 1° multiple binary forms, 7. e., 
forms involving any number k of binary variables, and 2° 
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double n-ary forms, i. e., forms involving two sets of n-ary 
variables. The results are as follows: The cogredient 
theory of any system of forms 1° is, with certain restric- 
tions, equivalent to the digredient theory of an enlarged 
system formed by adjoining k binary bilinear forms. The 
contragredient theory of any system of forms 2° is, with 
certain restrictions, equivalent to the digredient theory of 
the same system after adjoining a certain bilinear form. 


Using Lie’s theory, Mr. Curtiss investigates those func- 
tions of the coefficients and their derivatives, for the equa- 
tion 


+ 4p,(y')? + py? + + + 4p,y'y’ = 0, 


which remain invariant under the transformation 
y=A(x)-n, F=x(2), 


A and » being arbitrary functions of z The dependent 
variable alone is first transformed and a complete system 
of seminvariants obtained ; 7. ¢., a system whose members 
are functionally independent of each other and on which 
all other seminvariants must functionally depend. The in- 
variants under the general transformation are then deter- 
mined in terms of this system of seminvariants, a complete 
system of these also being obtained. The paper concludes 
with some applications connected with subgroups of the 
general transformation. 


The notion of the length of any continuous line is ob- 
tained by the method of displacements contained in the 
theory of continuous groups. To measure the length of a 
limited portion of a line, or of a closed line, Euclid’s al- 
gorithm, resulting in a continued fraction 


ST 

is applied. In this manner the theory of irrational num- 
bers as established by Cantor, Dedekind, and others is im- 
mediately applicable to measurable quantities. Studying 
the open polygon of an infinite number of finite equal sides 
inscribed in a circle of length u, Professor Emch is led to 
the theorem: Every real number u > 1 may be represented 
by a series of the form 
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1 
| 1 1 1 


1 1% NNN, 


where n, <n, <n,<n,<- are positive integers. For 
example, 
1 


1 1 1 
3 3.02 + 3.990.118” 


For u <1, we have 


1 1 1 1 


1 nn nnn, NNN 


A group G of order p™ (p being any prime) contains at 
least one invariant subgroup H of order p™—*. If G is rep- 
resented as a regular substitution group, then H has p 
systems of intransitivity and its p transitive constituents 
(H,. H,,--, H,) are transformed cyclically by every substi- 
tution of Gwhich is not contained in H. The object of 
Professor Miller’s paper is to find a practical method to de- 
termine the substitutions which must be added to H in 
order to obtain all the groups of order p”™ that include H, 
even when H is non-abelian. The special case when H is 
abelian was considered by the author in the Transactions, 
volume 2, page 264. In the present paper the same general 
lines of thought are pursued, but the results are considerably 
more comprehensive. The paper will be offered for publi- 
cation to the American Journal of Mathematics. 


Dr. Slocum’s paper is in abstract as follows: If we have 
given the finite equations defining a family of transforma- 
tions T, (with continuous parameters a,,---,a,) of a given 
r-parameter group G, then by the introduction of new para- 
meters ,, ---, 4, these equations can be transformed into the 
canonical equations of the group by the method given by 
Lie in his Transformationsgruppen, volume 3, pp. 609-611. 
In the canonical form these equations will detine a family 
of transformations T, of G. But to a definite transforma- 
tion of the family 7, with finite parameters a,, ---,a, and 
generated by an infinitesimal transformation of G, there 
may correspond a transformation of the family 7,, which 
has at least one of its parameters y,,--,, infinite in all 
branches, and which therefore can not be generated by an 


n 
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infinitesimal transformation of G. It is the purpose of 
the paper to illustrate this by an example, and also to point 
out the error in Lie’s demonstration, whereby this excep- 
tion arises. 


The first paper of Dr. Hedrick deals with the character- 
istics of differentia] equations. The ordinary discussion of 
the subject is entirely laid aside, and characteristic curves 
are defined and developed (first for partial differential 
equations of the first order) as the curves for which the 
equation cannot be reduced to normal form, i. e., for which 
the Cauchy-Kowalewski existence proofs cannot be carried 
out. Merely on this assumption the ordinary equations for 
characteristic curves and strips are produced; and it is 
shown that the curves and strips so defined possess the 
properties ordinarily attributed to characteristics. The 
further course of the theory would then be as ordinarily 
given, and is not dwelt upon in the paper. In this con- 
nection a proof is given that every partial differential 
equation of the first order has non-analytic solutions. 

The possible families of characteristic curves are then 
considered, and it is shown that a given three-parameter 
family of curves is not, in general, the family of character- 
istic curves of any partial differential equation of the first 
order. 

Finally, a connection is established between the theory of 
characteristic curves and the calculus of variations, it 
being shown that the characteristic curves of any equation 
are the extremals of a certain simple problem of the caleu- 
lus of variations. Thé same gereral topics are then dis- 
cussed with reference to equations of the second order, and 
the analogous results are obtained. 

The paper, which follows to a large extent recent lectures 
by Professor Hilbert in Gottingen, will be offered for pub- 
lication to the Annals of Mathematics. 


The substance of Miss Scott’s second paper is a proof that 
for any even degree there exist curves consisting of a single 
circuit without visible singularities of any kind. This 
proof is obtained by means of the fact that a curve f=,0 
cannot have a real inflexion within a region in which 


of ( of 
Ox? Oy Oxdy 


is positive. 
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Clifford (Works, page 117) asserts that the general plane 
quartic 2,* possesses a contravariant curve a;‘ of class 4, and 
of degree 5 in the coefficients of 2, such that taking any line 
conic 6, if the polar of 6 as to a is f, then the polar of f as to 
ais b. This assertion is not true in general. The condi- 
tions under which it is true are obtained by Professor 
Morley and Mr. Coble in algebraic form and interpreted 
geometrically. There is. however, in general for two plane 
curves, one of order 4 and one of class 4, a ‘‘ double-six ’’ of 
conics say b, and , (i, x = 1, ---, 6) such that 5, is apolar to 3, 
when i+; 6, and f, have the polar property stated by 
Clifford. From this point of view (compare Hilbert, ‘‘ Zur 
binaren Invariantentheorie,’’ Mathematische Annalen, volume 
28, page 383) the quartic is attacked. 


Professor Bécher established for a system of two homo- 
geneous linear differential equations of the first order theo- 
rems analogous to those given by Sturm in his famous paper 
for a single homogeneous linear differential equation of the 
second order. If we confine our attention to an interval in 
which the coefficients of the differential equations are con- 
tinuous real functions of the real variable z. the case here 
considered is more ;eneral than that of Sturm ; for in order 
to pass from the pair of equations of the first order to a 
single equation of the second order we must assume not 
only that one of the coefficients of the equations of the first 
order has a continuous first derivative, but also that this 
coefficient does not vanish in the interval in question. The 
advantage of the method used in the present paper as com- 
pared with the method of Sturm consists, however, not 
merely in its greater generality, but also in its greater sim- 
plicity and symmetry. 


In his ‘‘ Grundlagen der Geometrie’’ (1899), Hilbert ex- 
hibited a body of axiomsof three-dimensional euclidean geom- 
etry which, according to his statements, and the subsequent 
statements of others, involved no redundancy. Pasch, 
(1882) developed this geometry on the basis of the point, the 
linear-segment, and the planar-segment as elements, defining 
by means of suitable axiomatic relations, imposed upon 
these elements, the line and the plane. Peano (1889 and 
1894) retained the point and the linear-segment as elements, 
but defined the line and the plane in terms of these elements. 
Hilbert uses as elements the point, the line, and the plane. 
Schur, in his paper in a recent number of the Mathematische 
Annalen (1901), points out that in view of the possibility of 
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a definition of a plane in terms of the other elements, Hil- 
bert’s system of axioms contains redundancy. This state- 
ment of Schur implies that the plane postulated by Hilbert 
is to be directly identified with the plane defined by Peano ; 
this identification, it is proved, can in the Hilbert system 
I-II of axioms of connection and order be made only by 
use of two of the three axioms held by Schur to be re- 
dundant. 

However, Hilbert’s system does contain two plain redund- 
ancies. His axioms I4: “ Any three non-collinear points 
of a plane determine it,’’ and II 4: ‘‘ To four distinct colli- 
near points a notation, A, B, C, D, may be given such that 
B lies between A and C and between A and D; and C lies 
between A and D and between B and D,’’ are consequences 
of the remaining axioms, I, IT. 

The paper of Professor Moore exhibits these redundan- 
cies, and in that connection a new system of axioms of 
connection and order closely related to, but in various re- 
spects simpler than, those of Hilbert. 


In his second paper, Dr. Hedrick makes an attempt, 
based on recent lectures by Professor Hilbert, to simplify the 
discussion of the subject. Beginning with Hilbert’s new 
proof of Weierstrass’s sufficient condition,* the author 
shows that Jacobi’s criteria even with a slight extension can 
be obtained directly from the Weierstrass-Hilbert theory, 
by the aid of the latter’s invariant integral ; and Jacobi’s 
equation itself is finally produced. Hilbert’s notion of 
limited variation having been introduced, Legendre’s neces- 
sary condition is deduced in a simple manner from the 
above; and the conditions known as Lagrange’s, Legendre’s, 
Jacobi’s, and Weierstrass’s are grouped to form necessary 
conditions and sufficient conditions in the cases of weak and 
strong minima, limited and unlimited. The discussion 
closes with a remark on the purpose of Hilbert’s existence 
proof. 


In his first note Dr. Eisenhart considers isotropic con- 
gruences as they arise in the study of the infinitesimal 
deformation of the sphere. The discussion leads to the 
following theorem: The middle envelope of an isotropic 
congruence is the adjoint of the minimal surface which is 
the associate surface in the infinitesimal deformation of the 
sphere, which is the directrix of the congruence. 


* See Osgood, Annals of Math., 2d Series, vol. 2, No. 3, p. 121. 
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Dr. Eisenhart’s second note deals with the double system 
of imaginary lines of length zero on real surfaces. After 
recalling that these lines can never be the lines of curvature 
for the surface, that when they form a conjugate system the 
surface is minimal and that when they are asymptotic the 
surface is a sphere, he shows that the sphere and minimal 
surfaces are the only real surfaces whose lines of length 
zero have for spherical representation the rectilinear genera- 
trices of the sphere. Further, in order that the asymptotic 
lines or a conjugate system on a surface may be represented 
upon a sphere by these generatrices, they must be lines of 
length zero on the surface. 


Dr. Fite showed that if a group of order p”, where p is an 
odd prime, contains an operator of order p”~’, the group is 
of class k, where k=3; if it contains an operator of order 
p”~, where pis a prime greater than 3, it is of class k, 
where k=4. 


The curves considered in Dr. Kasner’s second paper are 
defined by the form to which their cartesian equation may 
be reduced 

y= Az" + + -- + A,. 


It is quite evident that the polar conic of any point 
with respect to such a parabolic curve of nth order is 
a parabola. The paper proves that this property is char- 
acteristic, i. ¢., any curve whose polar conics are all para- 
bolas can be expressed in the above form. The proof de- 
pends upon the determination of the rational integral 
functions ¢(z, y) which satisfy the partial differential equa- 
tion 


The result is applied to a certain class of developable sur- 
faces. 


Mr. Gundersen’s paper deals with different methods of 
measuring assemblages of points, particularly the methods 
of Cantor, Peano, Jordan, and Borel, and with properties of 
assemblages suggested by these methods. Among the re- 
sults reached may be mentioned that if F,, is the frontier 
assemblage of any linear assemblage, and F,,, the frontier of 
F,,, and so on, then F,,, is identical with F,..:(n=3). The 
relation between Borel’s system of measure and that of Peano 
and Jordan is given by the equation s=a+06(A—a), 


= 
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where s is the Borel measure, a the internal and A the 
external measure as defined by Peano and Jordan, and 
0=6=1. If the given assemblage contains its derived, the 
above formula takes the form s= A. The necessary and 
sufficient conditions of measurability in the different sys- 
tems are discussed. 


Mr. Young’s paper is in abstract as follows: We denote 
by a-isomorphism any isomorphism of a group with itself 
(or with one of its subgroups), which may be obtained by 
putting each operator into correspondence with its ath 
power, and by 2 holomorphism any a-isomorphism which is 
simple. Prof. Miller has shown that 2 holomorphisms exist 
for any abelian group A (a being prime to the order of 
every operator in A) and further that, regarded as operators 
in the group of isomorphisms of A, the a-holomorphisms 
constitute the totality of invariant operators in the group 
of isomorphisms of A. Itis shown for any group G that if 
there is a number é such that for every pair of operators 
s, tof G, st = ts’ and st = (st)’, and if 4+ 1 is prime to 
the order of every operator of G, then and only then does 
G admit an c-holomorphism ; and a may have any value of 
the form «é + 1 which is prime to the order of every opera- 
tor of G. Itis then proved that the c-holomorphisms of 
any group G are invariant in the group of isomorphisms of 
G, and certain related theorems are derived. 


Professor Smith’s paper treats the subject of orthogonal 
transformations by means of a result first obtained by Voss, 
that such a transformation in n variables may be resolved 
into n or less point-plane reflections, point and plane being 
in the polar relation with respect to the fundamental quad- 
ric. ‘This theorem having been established, Cayley’s 
formulas are derived and the generality of the types derived 
by Loewy proven. The method followed brings out more 
clearly than heretofore the completeness of the results. 
The question of the resolution of orthogonal transformations 
into involutory transformations is next discussed, the possi- 
bility of resolution into two such transformations estab- 
lished, and some applications given. 


The object of Mr. Ford’s paper is to determine an upper 
limit to the absolute value of the remainder after n terms 
of a Fourier’s series representing the function f(z), this 
upper limit to hold good for all values of z within a fixed 
interval (a, 6) lying within the interval (— =, =z). The re- 
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sult, besides being of service in the study of the uniform 
convergence of Fourier’s series, furnishes a means for de- 
termining an upper limit to the number of terms necessary 
to take in a given Fourier development in order that the 
error committed by stopping with tie last term taken shall 
be less than some assigned quantity, this being true when 
the series is considered for all values of x lying within the 
interval (a, b) (a and 6 included ), it being assumed through- 
out that f(z) satisfies certain preliminary conditions (such 
as Dirichlet’s conditions) at every point of this interval. 


F. N. Coie. 
CoLUMBIA UNIVERSITY. 


THE JANUARY MEETING OF THE CHICAGO 
SECTION. 


Tue tenth regular meeting of the Chicago Section of the 
AmeRICAN MATHEMATICAL Society was held at North- 
western University, Evanston, Illinois, on Thursday and 
Friday, January 2-3, 1902. Two sessions were held each 
day, opening at 10 o’clock a. Mm. and 2.30 o’clock Pp. m. In 
the absence of Professor E. H. Moore, President of the 
Society, during the morning sessions, Professor Ziwet occu- 
pied the chair on the first day and Professor White on the 
second day. The attendance at the various sessions was 
unusually large. including a number of prominent educa- 
tors in the vicinity of Chicago, and the following twenty-five 
members of the Society : 

Professor R. J. Aley, Dr. G. A. Bliss, Professor Oskar 
Bolza, Dr. C. L. Bouton, Professor D. F. Campbell, Mr. A. 
Crathorne, Professor E. W. Davis, Professor L. E. Dickson, 
Professor L. W. Dowling, Dr. J. W. Glover, Dr. T. P. 
Hall, Professor Thomas F. Holgate, Dr. H. G. Keppel, Dr. 
Kurt Laves, Professor H. Maschke, Profe~sor E. H. Moore, 
Dr. F. R. Moulton, Miss I. M. Schottenfels, Professor G. 
T. Sellew, Professor J. B. Shaw, Professor E. J. Townsend, 
Profe~sor C. A. Waldo, Dr. Jacob Westlund, Professor H. 
8. White, Professor Alexander Ziwet. 

At the business session on Friday morning the following 
officers of the section were elected for the ensuing year: 
Secretary. Professor Thomas F. Holgate ; Additional mem- 
bers of the programme committee, Profes-or E. J. Town- 
send and Professor L. W. Dowling. 

The following papers were presented and read : 
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(1) Professor M. W. ‘‘A fundamental theorem 
in the geometry of the tetrahedron.’’ 

(2) Professor M. W. Hasketi: ‘‘A theorem for the 
twisted cubic analogous to Pascal’s theorem.’’ 

(3) Professor M. W. Hasketx: ‘‘ A special cubic trans- 
formation in space.’’ 

(4) Professor H. S. Wurre: ‘‘ Note on a twisted curve 
connected with an involution of pairs of points in a plane.’’ 

(5) Dr. J. W. Grover: ‘‘ On the derivation of the asymp- 
totes of an algebraic curve from the definition ’’ (preliminary 
communication ). 

(6) Professor ARNoLD Emcu: ‘‘ Algebraic transforma- 
tions of a complex variable realized by linkages.’’ 

(7) Professor L. W. Dowttne : ‘‘ On the conformal rep- 
resentation of the isosceles triangle containing an angle of 
120 degrees.’’ 

(8) Professor E. H. Moore: ‘On Hilbert’s plane argue- 
sian geometry.”’ 

(9) Dr. F. R. Movutton: ‘‘A simple non-arguesian 
geometry.’’ 

(10) Dr. Jacop Westiunp: ‘‘ Note on multiply perfect 
numbers.”’ 

(11) Dr. Jacop Westiunp: ‘‘On the class number of a 
particular cyclotomic number field.’’ 

(12) Dr. C. L. Bovron: ‘The equivalence of linear 
differential equations for a transformation of the indepen- 
dent variable.’’ 

(13) Dr. T. P. ‘An algebra of space.’’ 

(14) Professor J. B. Spaw: ‘‘ Commutativity of matrices 
and application to the theory of linear associative algebra.”’ 

(15) Dr. H. G. Kepret: ‘‘ A cubic three-way locus in 
four-fold space.’’ 

(16) Dr. J. C. Fretps: ‘‘An equivalent of Plicker’s 
formule.’’ 

(17) Professor H. B. Newson: ‘‘On the product of 
linear substitutions.’ 

(18) Professor G. A. MittER: ‘‘On the groups of order 
p” which contain operators of order p™~*.”’ 

(19) Professor L. E. Dickson : ‘‘ Some simplifications in 
the theory of linear groups.’’ 

In the absence of the authors, Dr. Fields’s paper and 
Professor Haskell’s third paper were read by Professor 
White. Professor Emch’s and Professor Miller’s papers by 
Professor Moore, Professor New-on’s paper by Professor 
Dowling, and Professor Haskell’s first and second papers by 
the Secretary ; Professor Dickson’s paper was read by title. 
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In addition to the papers announced on the regular pro- 
gramme, Professor Townsend opened a discussion on the 
subject of the best preparation in the undergraduate course 
for post-graduate study in mathematics, which developed 
into a discussion of the programme leading to the master’s 
degree. The question of migration from one college or uni- 
versity to another was considered, and a committee con- 
sisting of Professors Waldo, Townsend, and Bolza was ap- 
pointed to consider and report a scheme of equivalent re- 
quirements for candidates proceeding to their second degree 
with mathematics as their major subject. 

An interesting feature of the meeting was a dinner served 
on the evening of Thursday, January 2d, in one of the 
University buildings, and participated in by twenty-six 
persons. This was followed by an exhibit by Dr. Keppel of 
about fifty portraits of eminent mathematicians. 

Abstracts of the papers presented are as follows : 


Professor Haskell’s first paper contains the following 
theorem with some special cases: If six points are chosen 
at random on the six edges of a tetrahedron, one point on 
each edge, the four spheres determined by a vert: x of the 
tetrahedron and the three points chosen on the edges meet- 
ing in that vertex, have one point in common. His second 
paper gives an analytical proof of the following theorem 
and its reciprocal: If eight points A, B, C, D, E, F, G. H, 
are chosen at random on a twisted cubic, and the eight 
planes ABC, BCD, ---, HAB, are considered, then the four 
rays of intersection of pairs of opposite planes, ABC — EFG, 
BCD — FGH, CDE— GHA, DEF — HAB. are generators 
of the same set of a ruled hyperboloid. His third paper 
contains a discussion of some of the interesting properties of 
the birational transformation which expresses the relation 
between a point and its harmonic conjugate with respect to 
a twisted cubic. 


All involutions of pairs of points in a plane are divided 
by Bertini into four classes, distinct under the group of all 
Cremona transformations. The simplest of these is the re- 
lation of perspective homography. To determine this, two 
pairs of points are sufficient. When two pairs in such an in- 
volution aregiven, any third pair mustsatisfy twoconditions. 
Hence if three pairs of points are given in arbitrary situa'ion 
in space, a center from which they shall be prejected by 
rays in an involution of this simplest type is subjected to two 
conditions, and must describe a twisted curve. In Pro- 
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fessor White’s paper this curve is investigated, and found 
to be of order 5 and deficiency 0. 


Dr. Glover’s preliminary communication takes up the 
general problem of the derivation of the asymptotes of the 
algebraic curve u(z, y)=0 by forming the equation of the 
tangent at the point (z, y) and then expressing the inter- 
cept and angle as fractions whose limits are investigated as 
the point of contact is indefinitely removed from the origin. 
This method leads to the usual equations for determining 
the values of the constants fixing the asymptotes. 


In a paper appearing in 1895 in the Comptes rendus and 
also later in his book on Kinematics, Koenigs proved that 
the general system of (real) algebraic relations between any 
finite number of (real) points in space could be generated 
by a space linkage, that is, a linkage in which various rigid 
pieces are connected together at spherical pivots. Professor 
Emch remarks that of course this covers the case of any 
system of (real) algebraic relations between a finite number 
of (real) points which are coplanar, and further, by the 
usual analytical considerations, the case of any system of 
algebraic relations between n points in the complex plane. 

The single algebraic relation between two complex points 
may obviously be obtained by proper combination of link- 
ages capable of effecting the determination from two arbi- 
trary points Z, and Z,, of the sum Z,= Z, + Z, on the one 
hand, and on the other of the product Z,= Z,Z,. Professor 
Emch has constructed a plane linkage for the first of these 
two relations and makes use of a plane linkage constructed 
by Kleiber for the second relation. In the plane linkage 
the pivots are of the nature of pins perpendicular to the 
plane in which the linkage is operating. 


Professor Dowling presented the results of a study of 
the integral which gives the conformal representation of the 
particular triangle mentioned in the title of his paper, and 
of the Riemann surface upon which it is an abelian integral 
of the first kind. The situation of the triangle correspond- 
ing to the positive half of the upper sheet is assumed and 
the position of the triangles corresponding to the remaining 
half sheets is found. The abelian integral being of defi- 
ciency two, a similar study is made of the associated inde- 
pendent abelian integral, and the reduction to an elliptic 
integral is discussed. 
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In his Gauss- Weber Festschrift : “Grundlagen der Geome- 
trie,’’ Hilbert devotes Chapter V to Desargues’s theorem, 
and shows (page 70) that a plane geometry (I, II, III), 
that is, one in which the plane axioms of connection and 
order and the parallel axiom hold, is embodied in a spatial 
geometry (I, II, III) if and only if the theorem of Des- 
argues holds in the plane geometry. In proof of the suffi- 
ciency of this condition, Hilbert develops in a plane geome- 
try, (I, II, III, D), in which Desargues’s theorem D 
does hold, an algebra of (directed) segments OA lying on a 
fixed line /, and on that line having a fixed extremity 0; 
and on the basis of this algebra he constructs analytically 
the three-dimensional space (I, II, III) which contains the 
initial plane (I, II, III, D). In this algebra of segments, 
while the definitions are simple, the proofs of the correctness 
of some of the rules of calculation are unduly complicated. 
These proofs and the whole theory of the algebra Professor 
Moore has simplified and enriched by the introduction of a 
vector analysis in the plane, which embodies the segmental 
algebra of Hilbert as to its relations of addition, and by a 
suitable use of the non-essential auxiliary elements of the 
Hilbert definitions. 


In Chapter V of Professor Hilbert’s memoir on the foun- 
dations of geometry, he arrives at the following important 
theorem: The necessary and sufficient conditions that a 
plane geometry fulfilling the projective axioms of plane 
geometry may be a part of (or set in) a spatial geometry of 
more than two dimensions fulfilling the projective axioms, 
is that Desargues’s theorem shall be fulfilled. In order to 
prove that the fulfillmentof Desargues’s theorem is necessary, 
Hilbert remarked the well known fact that the theorem can 
be proved from a spatial geometry of more than two dimen- 
sions fulfilling the axioms in question. He then exhibited 
@ non-arguesian geometry fulfilling the plane axioms in 
question. His example is somewhat complicated, involving 
the intersections of an ellipse and a system of circles. In 
short, it depends upon the solution of simultaneous quad- 
ratic equations. Dr. Moulton’s paper proves this part of 
the theorem by the exhibition of an extremely simple 
geometry fulfilling the axioms in question, and in which 
Desargues’s theorem is not true. The demonstrations 
involve only linear equations. The geometry consists of 
ordinary euclidean points in a plane, but the lines are des- 
cribed in terms of the euclidean lines as follows : 

The lines 
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tan by, 


where =1 if y<0 or if y>0O and 6<0, and 3, =2 
if y>0, and ¢> 0, are to be considered as the straight lines 
in the new geometry. It is easily seen that they fulfill the 
projective plane axioms, and that in this geometry Desar- 
gues’s theorem is not true. 


In a paper presented at the meeting of the Chicago 
section in April last, and published in the Annals of Mathe- 
matics, series 2, volume 2, Dr. Westlund determined all 
multiple perfect numbers of multiplicity 3 of the form 
m=p,":p,":p, In the present paper all numbers of multi- 
plicity 3 of the form m= p,*p,p,p,, where p,, p,, Ps, P, are 
distinct primes, are determined. 


In Dr. Westlund’s second paper it is shown how the first 
factor of the class number of the cyclotomic number-field 
ke") can be determined. The results are then applied 
to the particular cases z = 2, 3. 


Two linear differential equations are said to be equiva- 
lent for change of the independent variable when it is pos- 
sible to transform the first into the second by a change of 
the independent variable alone. Dr. Bouton’s paper gives 
the necessary and sufficient conditions for this equivalence 
in invariant form in the case of equations of the nth order. 
The condition for the general equation of the second order 
y’ + 2p,(x)y’ + p,(z)y = 0, is found as follows: Compute 
the invariants 


+ +4p,'p, + 10p,p,' + 24p,7p, 
2 


For a given equation these are in general functions of z, so 
that x may be eliminated, giving J,=¢(J,). The same 
thing can be done for the second given differential equa- 
tion. The neces-ary and sufficient condition for the equiv- 
alence of the two differential equations is that the two func- 
tious ¢ so determined shall be the same. Various special 
cases require separate consideration. For the equation of 
the nth order there are n — 1 such functions ¢. 


In Dr. Hall’s paper, a vector algebra is sought in which 
each algebraic expression represents a geometric configu- 
ration, and each algebraic operation a motion in space. 
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From the laws of motion the laws of algebraic operations 
are derived, and the resulting algebra is found to include 
quaternions as a special form. In two-fold space it leads 
to the plane complex number and in all hyperspace it has 
a quaternion-like rotor. 


It is shown in Professor Shaw’s paper that, by a very 
simple form of the square representation of a matrix, the 
condition that ¢, shall satisfy the equation 


= PF; 


can be easily found graphically. The totality of matrices 
on the same ground commutative with ¢, is determined, 
and also the relations of the various independent compo- 
nents of the most generai commutative matrix. The two 
classes of components are considered. 

In the application, the use of the preceding in determin- 
ing linear associative algebras is developed, and the full 
structure of any such algebra exhibited. The matrix ex- 
planation of the Lie-Scheffers theory of multiple algebras is 
brought out, and the real basis of the classification into 
quaternion and non-quaternion forms is shown. The place 
of Peirce’s study is also shown. Certain developments of 
the theory in extension of it are also presented. 


In Dr. Keppel’s paper the cubic three-spread containing a 
double plane in four-fold space is considered. This locus has 
@ single infinity of plane generators, these generators meet- 
ing each other in the points of the double plane while con- 
secutive plane generators intersect in the points of a conic 
in this double plane. A section of this locus by a three-flat 
is a ruled cubic surface, the section of the double plane be- 
ing the double line. The ruled cubic surface will have two 
real distinct, two imaginary, or two coincident pinch points 
according as this line meets the conic in two real distinct, 
in two imaginary, or in two coincident points. Seven dif- 
ferent ways of generating the locus geometrically are 
found, and sections of these by a three-flat give all the well 
known differect ways of generating the ruled cubic sur- 
face in three-fold space. Oné way of generating the locus, 
namely, by means of two plane point fields collinearly re- 
lated, gives the locus as the envelope of its double infinity of 
tangent three-flats, and this method provides a simple 
representation of the locus on the plane. The reciprocal of 
the locus is the general cubic three-spread in four-fold space, 
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and systems of these cubic surfaces lie on the cubic three- 
spread here considered. 


Dr. Fields’s paper may be characterized as follows: If 
F(z, u)=0 be the equation to an algebraic curve of 
degree n in u, the n branches corresponding to a value 
z=a will group themselves in a certain number r, of cycles 
of orders v,“«), ---,v,,). The lowest exponents in the de- 


velopments of the function F,'(z, wu) corresponding to these 
cycles we shall indicate by m,“), ---,m,). In like manner, 


if G(=, 7) = 0 be the equation of our curve transformed to 
tangential coordinates, we shall have a number r, of cycles 
corresponding to a value a, of orders --- , v,,“), re- 
spectively, and for the function G,’(, 4) a set of lowest ex- 
ponents m,“) ,---,m;.).  Pliicker’s formule may then be 
replaced by the three formule 


>> m,)y,(«) 0, p> 0, 
= = 


r 
"« 


(0 —1) = An—2), 


where the respective summations are extended to all values 
of the variable z, or to all values of = as the case may be, 
the values z= © and =o included. The first two 
formule follow from the theorem that a rational function 
has as many zeros as infinities, the last formula from the 
equality of the genus of the equation F(z, uv) = 0 and that 
of the transformed equation G(?, 7) = 0. 

The three formule in the above form appear of them- 
selves in a general algebraic theory of the algebraic func- 
tions which the author has developed and which he expects 
to publish shortly. They present themselves in the theory 
of the algebraic curves possessing higher singularities un- 
der those circumstances where in the ordinary theory of 
algebraic curves Plicker’s formule occur, and furthermore 
in such a way that the customary question in regard to the 
combination of simple singularities to which a higher singu- 
larity is equivalent becomes superfluous, at least from an 
algebraic standpoint. 


In Professor Newson’s paper it is shown that the value z, 
in the product of two linear substitutions T and T, in n 
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variables is proportional to the determinant formed by bor- 
dering the determinant 7~, the inverse of T, vertically by 
the variables of T, and horizontally by the coefficients of the 
ith equation in T,. The paper will be published in an early 
number of the Annals of Mathematics. 


Burnside determined the groups of order p”, p being any 
prime number, which contain a cyclic invariant subgroup 
of order p™*. In a recent article published in the Transac- 
tions of this Society, Professor Miller determined those 
groups of order p” which contain the abelian group of type 
(m— 2,1). His present paper is devoted to a study of the 
remaining groups of order p”™ which contain operators of 
order p™’*. It is proved that there are just two such groups 
when p > 2 and m > 5, while there are five when p = 2 and 
m > 5. In the first case (p > 2,m> 5) there are therefore 
15 groups which contain operators of order p”’—four are 
abelian, five others contain an invariant cyclic subgroup of 
order p™~, while the remaining six do not have either of 
these properties. Each of these 15 groups is conformal with 
some abelian group. In the second case (p=2, m> 5) there 
are 33 groups which contain operators of order 2"~—four 
of these are abelian, eighteen others contain an invariant 
eyclic subgroup of order 2"~’, while eleven do not possess 
either of these properties. These eleven are composed of 
G,, G,, G,,, G,, G,,, and G,, of the article mentioned and the 
five groups of the present article. The full paper will be 
offered for publication to the Transactions. 


In recent papers in the Transactions of this Society and in 
the Proceedings of the London Mathematical Society, Professor 
Dickson investigated several classes of linear groups in an 
arbitrary realm of rationality. The earlier methods appli- 
cable to finite fields were replaced by developments involv- 
ing only the rational processes of algebra. Among the 
groups considered are those defined by quadratic invariants. 
The latter, for finite fields of modulus p > 2, may be given 
the canonical forms 


+ + + (m even or odd), 
+8 (meven), 


where: is a not-square. Asanother set of canonical forms, 
for finite fields, we may take 
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The conditions for the invariance of f under a linear trans- 
formation are bilinear in the coefficients and therefore may 
be treated by rational processes. Similar remarks hold for 
a treatment of the remaining two forms by induction from 
m—1 tom. The second set of canonical forms defines 
groups in an arbitrary realm whose structures were deter- 
mined in the papers cited. Moreover, the second set proves 
more advantageous than the first set in the question of the 
representation of the linear groups as transitive substitution 
groups. The first set was employed in the American Jour- 
nal of Mathematics, October, 1901. For the second set, the 
investigation becomes simpler and the results appear in a 
simpler and more natural classification. 

Not only for these groups, but for other classes, it appears 
that the simplest methods are those applicable to an arbi- 
trary realm, viz., methods which depend essentially upon 
rational operations only. 

Tuomas F. Hoiearte, 


Secretary of the Section. 


VECTOR ANALYSIS. 


Vector Analysis. A text-book for the use of students of math- 
ematics and physics, founded upon the lectures of J. 
Gres, Ph.D., LL.D., Professor of Mathemat- 
ical Physics in Yale University. By Epwin Bipwe.i 
Wutson, Ph.D., Instructor in Mathematics in Yale Uni- 
versity. (Yale Bicentennial Publication.) New York, 
Charles Scribner’s Sons, 1901. 8vo. xx + 436 pp. 

Ir is well known that Professor Gibbs’s ‘‘ Elements of vec- 
tor analysis,’’ a pamphlet of 83 pages, printed in 1881-84 
for the use of his students, although not published for gen- 
eral circulation, attracted somewhat wide attention. Thus, 
in particular, Mr. Oliver Heaviside adopted Professor Gibbs’s 
system with but slight modifications and expounded it very 
fully in his ‘‘ Electromagnetic Theory ’’ (193) ; this again 
formed the basis, to a large extent, of Professor Foppl’s 
“ Einfihrung in die Maxwell’sche Theorie der Elektricitat, 
mit einem einleitenden Abschnitte uber das Rechnen mit 
Vectorgrossen in der Physik’’ (1891). But vector analy- 
sis, a8 conceived by Professor Gibbs, is not merely a method 
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for studying electricity and magnetism ; it finds its appli- 
cation in all branches of mathematical physics and has, be- 
sides, a strong claim to the attention of the pure mathemati- 
cian. Dr. Wilson’s volume, which is based on a course of 
lectures delivered by Professor Gibbs in 1899-1900, is there- 
fore exceedingly welcome, not only as the first generally 
accessible authentic record of Professor Gibbs’s admirable 
system, but also as an easy and simple introduction to 
vector analysis, sufficiently complete to satisfy the needs of 
applied science and sufficiently exact and rigorous to satisfy 
the student of pure mathematics. 

The additions to the theory found in this volume as com- 
pared with the pamphlet of 1881-84 are perhaps not very 
extensive, though some are quite important. The student 
should not be deterred by the bulkiness of Dr. Wilson’s 
book, as this is due partly to the use of lavishly open print 
and partly to the author’s effort, specially noticeable in the 
first half, of making the subject easily intelligible by sup- 
plying numerous illustrations and applications. 

In his address on ‘‘ Multiple Algebra,’’ before the section 
of mathematics and astronomy of the American Associa- 
tion for the advancement of science in 1886 (Proceedings, 
Vol. 20, pp. 37-66), Professor Gibbs has set forth briefly 
the relation of his system to Grassmann’s Ausdehnungslehre, 
Hamilton’s quaternions, Cayley and Sylvester’s theory of 
matrices, and Benjamin Peirce’s linear associative algebra. 
This paper explains and illustrates very happily the sim- 
plicity and naturalness of his method as far as fundamental 
principles are concerned. But the value of vector methods 
is still so little appreciated that it may not be superfluous to 
call attention once more to their importance by briefly re- 
citing some of the principal features of the system presented 
in Dr. Wilson’s book. 

Mathematical physics, in its broader aspect, has to deal 
with fields of point functions. By somewhat generalizing 
Lamé’s definition it can be said that a point function is any 
quantity, or aggregate of quantities, whose value depends 
on the position of a point.* The simplest point function is 
a scalar whose value at any point of the field is given by a 
single (real) number. Next in importance comes the vector, 


* Professor Gibbs uses for ‘‘ point function ’’ the expression ‘‘func- 
tion of positien inspace’’ which is somewhat unwieldy. The present 
writer would also suggest that Dr. Wilson might have done well to speak 
of a point function, that is a vector quantity, simply as vector, and not as 
vector function, 80 as to reserve the latter term for a function of a vector, 
as in the expression linear vector function. 
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a point function having not merely numerical magnitude 
but also direction (and sense); its value at any point is 
represented geometrically by a rectilinear segment and given 
analytically by its components, i. e., three scalars, each as- 
sociated with a fixed direction. As examples of point func- 
tions of a higher order occurring in physics it will suffice to 
mention pure strain, with its six components (or three prin- 
cipal extensions in definite directions), and homogeneous 
strain, depending upon nite scalars. 

The theory of scalar fields is nothing but an immediate 
generalization of the theory of the potential, a generalization 
on which Professor Gibbs very properly lays particular stress 
in his treatment of the potential (pp. 205-248) which forms 
one of the most interesting parts of Dr. Wilson’s work. 

Every scalar field gives rise to a vector field, viz., the field 
of the vector that represents the gradient or space derivative 
v V of the scalar V. Thus, in the theory of the ordinary 
potential, the space derivative of the potential is the corres- 
ponding force. But the vector that results in this way from 
a scalar is a particular kind of vector: a vector whose curl 
is zero; the field of such a vector, and the vector itself, is 
said to be potential, or irrotational. It is therefore necessary 
to study vectors by themselves. 

The idea of vectors and their geometrical addition is now 
familiar to everybody from the elements of mechanics. Dr. 
Wilson follows Mr. Heaviside in using heavy-faced (Clar- 
endon) type to denote vectors. This departure from Pro- 
fessor Gibbs’s original notation by small Greek letters is 
commendable as it leaves the Greek alphabet free for other 
uses. A vector A whose components along three mutually 
rectangular axes are A,, A,, A; is then expressed in the form 


A=Aji+A,j + 


where i, j, kK are unit vectors along the axes. This means 
that a vector is an extensive magnitude depending on three 
independent units. 

The scalar product of two vectors A, B is defined as the 
product of their lengths A, B into the cosine of the included 
angle @: 

A-B= AB cos 0; 


this dot product is a scalar, 7. e., an ordinary algebraical 
quantity (real number). The vector product is similarly de- 
fined as 

Ax B= AB sin 6; 
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this cross product, being the area of the parallelogram of the 
two vectors, can be represented by a vector at right angles 
to the plane of the two vectors. Both of these quantities 
are familiar from their frequent occurrence in mechanics, the 
scalar product as the work of a force, the vector product as 
the moment of a couple. Both products obey the ordinary 
rules of algebra except that the vector product is not commu- 
tative (B x A= — A x B) and that the vanishing of either 
product does not necessarily mean that one of the factors 
vanishes. For the unit vectors i, j, k, we have evidently : 


i-i=j-j—k-k=1, j-k=k-i=i-j=0, 
and 
ixi=jxj=kxk=0, jxk=—kxj=i, 
kxi=-ixk=j, ixj=—jxi=k. 


It follows thatifA = Ai+ A,j+ A,k, B=Bi+ B,j + Bk 
we have 


A-B= AB, + A,B, + A,B,, 
AxB =(A,B, — A,B,)i +(A,B,— A,B,)j +(4,B,—A,B, )k. 


The development of these simple ideas constitutes the 
first two chapters (pp. 1-114) of Dr. Wilson’s book ; they 
correspond to the first thirteen pages of Professor Gibbs’s 
pamphlet. The algebra so obtained, especially when com- 
bined with the equally simple differentiation of a vector 
with respect to a scalar variable as given in the first twenty 
pages of the next chapter, suffices for the treatment of a 
large part of mechanics and admits of interesting applica- 
tions to geometry. 

Chapters III and IV (pp. 115-259), corresponding to 
pp. 14-39 of the pamphlet, are devoted to the differential 
and integral calculus of vectors. The central idea in these 
chapters is Hamilton’s operator V7 for which the pronunci- 
ation del is here proposed instead of nabla (p. 138). This 
operator is defined as 


veigtig 


so that, applied to a scalar, V(x, y.z), it produces the vec- 
tor that represents the slope or gradient of the point function 
V. The direction of 7 V is normal to the level-surface 
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V (2, y, 2) = const.; its magnitude is the rate at which V 
changes as we pass from one level surface to the next along 
the normal. This vector 7 V, being independent of the 
coordinate axes, can be regarded as the space derivative of the 
scalar V. It is easy to see that, if r be the radius vector 
drawn from a fixed origin to the point (2, y, z), we have 


V=dV. 


The space derivative of a vector V can be defined in pre- 
cisely the same way. But as its interpretation involves the 
idea of a new kind of product, its consideration is reserved 
for the latter part of the book (p. 404). In the place of 
this space derivative 7V, two other quantities, of the great- 
est importance in mathematical physics, are introduced, the 
divergence and the curl of the vector V. ‘These are most 
readily obtained by regarding the operator 7 as an actual 
vector and forming its scalar and vector products with the 
vector V = V,i+ V,j+ V,k, viz.: 


v-V=(i5, +55, (Vit 


+55, +k 9.) x i+ 


= curl V. 


The meaning of these quantities is well explained by Dr. 
Wilson ; the formulz obtained by applying the operators 
Vv, 7°, 7 X to the sum or product of two or more scalars 
or vectors and by repeating these operations are fully devel- 
oped. 

In the integral calculus of vectors we are led naturally 
and with remarkable simplicity to line, surface, and volume 
integrals and to the theorems of Gauss, Green, and Stokes 
which appear here in a form which interprets itself and 
expresses most simply and directly their actual meaning. 

Among the applications here discussed Professor Gibbs’s 
original treatment of so-well worn a subject as the potential 


"at's 
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is specially noteworthy. According to the ordinary defi- 
nition, the integral 


V V(x, y, 2) dx dy dz 
f —dr= f i 2 2 2 
r v(z—2,) + + (2—2,) 
represents the potential at the point (z,, y,, 2z,) of a mass 
distributed with density V throughout the region it isa 
scalar function of the variables z,, y,, z, An integral of 


this form, whatever may be the meaning of the scalar func- 
tion V, is called by Professor Gibbs the potential of V; in 


symbols : 
Pot V= f J dr. 


It can be proved, by means of Gauss’s method of giving to 
the region rt a slight displacement in each of the codrdinate 
directions, that 


Vv Pot V= Pot 7 V. 


This point function which in the case when Vis the density 
of a mass represents the Newtonian attraction due to this 
mass at the point (z,. y,, z,) is called the Newtonian of V and 
denoted by the symbol New V 


New V= Pot Vm 


If in the integral defining Pot V we replace the scalar V 
by a vector V we cbtain a vector 


Pot f Var. 


Operating on this vector by means of 7 x and 7-, two 
more functions are obtained called the Laplacian and Mazwel- 
lian of V and denoted as Lap Vand Max V. These functions, 
as well as some of those arising from their combination, 
play a most important part in mathematical physics. 

It should be noticed that this whole theory rests on but 
three simple fundamental operations: the scalar and vector 
products of two vectors and the space derivative of a scalar. 
With characteristic skii] Professor Gibbs has selected, out 
of the broad field of multiple algebra and space analysis, 
just those operations which are most useful on account of 
their application in physics. 


| 
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Dr. Wilson’s presentation of these subjects is on the whole 
very clear and sufficiently exact. The idea of scalar and 
vector fields and their varieties might perhaps have been 
made more prominent, somewhat as Professor Fopp!] does in 
his ‘‘ Geometrie der Wirbelfelder’’ (1897). As the book is 
distinctly designated as a text-book, it would have been 
better to make shorter chapters and sections, introduce more 
section headings and distinguish, externally, between what 
is essential and fundamental and what is mere illustration 
and application. The very large and heavy integral signs 
used here as in so many other books are neither. handsome 
nor always necessary. Nor is there any necessity for three 
integral signs in a volume integral in which the volume ele- 
ment dv is not broken up into its linear factors; the three 
signs become desirable only when dv is replaced by dz dy dz 
or r sin ¢drdédy. A similar remark applies to surface 
integrals. 

The second half of Dr. Wilson’s book (Chapter V: linear 
vector functions, pp. 260-331 ; Chapter VI: rotations and 
strains, pp. 332-371; Chapter VII: miscellaneous applica- 
tions, pp. 372-436) is almost entirely devoted to the linear 
vector function and its applications. The beginner will 
probably find it more difficult reading than the first half ; 
the originality of the treatment will make it so much more 
interesting to the more advanced student. 

It is here impossible to do more than indicate the funda- 
mental idea underlying Professor Gibbs’s treatment of the 
linear vector function. 

If a vector be given in the usual form r= zi+ yj + zk, 
any other vector r’ can be written in the form 


eyj + eck 
= oli-r + ¢,jj-r + 


since z=i-r, y=j-r, z=kK-r. For the sake of brevity 
this may be written 


r = + ¢,jj + okk)-r, 
the expression in parenthesis being regarded as an operator 
that transforms r into r’. More generally, any expression 


of the form 
@=ab,+ab,+-, 


in which &,, @., --- b,, b,, --- are vectors, can be regarded as an 
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operator transforming a vector into another vector ; for the 
expression 


= (a,b, + a,b, + + a,b,-r + 


always represents a definite vector since b,-r, b,-r, -- are 
mere scalars. The nature of the indeterminate products a,b,, 
@,b., --- or dyads, as Professor Gibbs calls them, results from 
the convention that any two such products are to be equal 
if, and only if, acting as operators on the same vector r, 
they produce the same vector r’. 

The sum of any number of dyads, 


a,b, + a,b, = 


is called a dyadic. Thus a dyad as well as a dyadic has no 
direct geometrical meaning; it is a mere operator whose 
close relation to quaternions and matrices is obvious. 

The linear vector function being defined by the property 
that f(r,+17,) =f(r,) + f(r.), from which the property 
f(mr) = mf(r) readily follows for any scalar m if f be as- 
sumed continuous, it can be shown that a linear vector 
function can always be represented by a dyadic. By ex- 
pressing the vectors forming the dyadic in terms of the unit 
vectors i, j, k, the dyadic can be reduced to the nonion form : 


+ + a,;ik 
+ ay jit an Jj + jk 
+ a;,Ki+ a;,kj + = 
or more generally to the form 


+ bA + 6,,.bB + 
+ + + 6,,cC, 


where a, b, ¢ as well as A, B, C are any three non-coplanar 
vectors. Putting 
by, A + b,,B + = by A + b,,.B + =m, 
by, A + 5;,B + 6,0 = n, 
it appears that any dyadic can be written as a sum of (at 


most) three terms: 
?=al+ bm +cn, 


where either a, b, c or 1, m. n can be selected arbitrarily (but 
not coplanar). If after choosing a, b. ¢ arbitrarily, the vec- 
tors 1, m, n result non-coplanar, the dyadic is complete ; such 
a dyadic can produce any vector r’ by operating on a properly 
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chosen vector r. If1, m, n result coplanar, the dyadic can 
be reduced to the sum of two dyads and is called planar ; 
it transforms any vector r into a vector lying in the plane 
of the first factors of the two dyads. If 1, m, n result col- 
linear, the dyadic can be reduced to a single dyad and is 
called linear; it transforms every vector into a vector col- 
linear with the first factor of the single dyad. 

The discussion on pp. 271-275 of the nature of the inde- 
terminate product ab and its relation to the scalar product 
a-b and the vector product a x b is interesting theoret- 
ically. For all further developments the reader must be 
referred to the book itself. It must here suffice to mention 
the introduction of the ‘‘ double products of dyads and 
dyadics (pp. 306-315), which are not to be found in the 
pamphlet of 1881-84. 

The applications treated in Chapters VI and VII give 
ample opportunity for practice in the theory developed in 
the earlier part of the work ; they relate to rotations and 
strains, quadric surfaces, the propagation of light in ery stals, 
and the curvature of surfaces. The brief section on light 
waves in non-isotropic bodies will arouse in every reader the 
wish that Profe-~sor Gibbs may soon find it possible to pub- 
lish his lectures on the electro-magnetic theory of light. 

The last section, on the curvature of surfaces, is preceded 
by a short discussion of variable dyadics ; and here we find 
the interpretation of the space derivative of a vector, VV, 
as a dyadic. 

In a work departing from familiar mathematical methods 
as much as does the present it is but natural that a large 
number of new terms and notations are introduced. These 
have been selected with unusual skill and good tense; 
indeed, this is one of the strong points of Professor Gibbs’s 
system. Perhaps the expressions degree of nullity (of a 
dyadic) and idemfactor, a remnant of Sylvester’s always 
ingenious, but somewhat extravagant, terminology. make an 
exception. The former of these terms seems hardly neces- 
sary, the latter might perhaps be replaced by unit dyadic. 

It is very much to be hoped that Dr. Wilson’s work will 
become a widely used text-book, especially as a general in- 
troduction to mathematical physics. Its usefulness for this 
purpose would have been much enhanced by a good index, 
by better figures, and by the use of all those external aids 
now so common in carefully printed mathematical text- 
books. 

ALEXANDER ZIWET. 

UNIVERSITY OF MICHIGAN. 
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Euclid und die sechs planimetrischen Biicher. Mit Benutzung 
der Textausgabe von Heiberg. Von Dr. Max Simon. 
Leipzig, Teubner, 1901. 8vo. vi-+ 141 pp. 

The Contents of the Fifth and Sixth Books of Euclid. Arranged 
and explained by M. J. M. Hitt, F.R.S. Cambridge 
University Press, 1900. 4to. xix + 243 pp. 

Ir is probable that, whether we are glad of it or not, 
Euclid has been banished from our American schools, never 
to return. Yet there is a real need for better professional 
knowledge among our teachers of geometry, and for this 
reason we welcome Dr. Simon’s book, which fairly bristles 
with remarks helpful even to those teachers who rely upon 
the most iconoclastic of our text-books. 

The book begins with a short account of Euclid’s writings, 
and an elaborate bibliography of the ‘‘ Elements.’’ The 
choice of books to which reference is made, seems a little ar- 
bitrary. For instance, the author mentions (page 14) the fif- 
teen editions of Legendre, published between 1794 and 1852, 
under the head of ‘‘ Efforts to supersede Euclid,’’ but passes 
over in silence such important work as the ‘‘Syllabus’’ of 
the ‘‘ Association for the Improvement of Geometrical 
Teaching,’’ not to speak of any more recent literature. In 
fact, he seems to have cared little for English sources, ex- 
cept Simson ; for, though he mentions Hoiiel’s defence of 
Euclid against Legendre, he has no word for that most 
truly charming bit of textbook criticism, Dodgson’s ‘‘ Eu- 
elid and his modern rivals.’’ 

The introduction is followed by the twenty-two defini- 
tions of book I, with a note to each. In referring to the 
e mplaint frequently urged that some of Euclid’s defini- 
tions would be no help to any one who had previously no 
idea of the objects in question, the author quotes from 
Lambert to the effect (page 25) that Euclid was doubtless 
aware of this, and in giving the definitions he was mer-ly 
acting as the artisan who shows his apprentice around the 
shop, telling him the names of the various implements. 
The remarks upon the definitions are for the most part 
good, especially those which deal with the ‘‘point.”’ In 
defining the angle, Dr. Simon uses the word ‘‘ Biegung”’ 
instead of the more common “ Neigung,’’ and defends the 
innovation at some length. We are not convinced, how- 
ever, that this is a change for the better, for an idea of cur- 
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vature or bending seems to lurk about ‘‘ Biegung’’ which 
is certainly not wanted in the definition of a plane angle. 
The notes upon the axioms are less satisfactory. The 
author leaves us in doubt about his own opinion as to the 
possibility of proving that all right angles are equal, merely 
showing that the proof of Geminos is inadequate. 

The criticisms of the propositions in the first book are 
perhaps the most instructive of any. For instance, he 
points out how the proof of the first congruence theorem 
for triangles depends upon the axiom of free mobility, or 
the homaloidal nature of space. It is a pity that he does 
not dwell at even greater length upon this point, for Hil- 
bert * and Veronese; assume this theorem as an axiom. 
Yet something may still be said upon the side of those who 
look upon geometrical congruence as meaningless, except 
by means of possible superposition, and hence regard the 
introduction of such an axiom as superfluous. { 

On page 51 is the proof of the proposition that an exterior 
angle of a triangle is greater than either of the opposite 
interior angles. The author remarks that this was used by 
Legendre to show that the sum of the angles of a triangle 
cannot be greater than two right angles; but many years 
before, Saccheri turned it to a similar use. Dr. Simona 
neglects to show how this proof may break down when a 
straight line is closed. 

The notes on books two and three are less copious, with 
the interesting exception of pages 87-90, where we have an 
account of the dispute over the magnitude of the angle 
between two tangent circles. At the beginning of book five 
are some particularly instructive notes upon the intimate 
connection between the euclidean theory of proportion, and 
our modern idea of irrational numbers. The author goes 
so far as to say (page 109), ‘‘ It appears, in my opinion, in- 
disputably, from the fifth book that they (the Greeks) pos- 
sessed the idea of number with complete sharpness, nearly 
identical with Weierstrass’s conception of it.’’ On the next 
page occurs a singular omission, where the author totally 
fails to grasp the significance of Archimedes’s axiom. He 
merely calls it a postulate to the effect that lengths may be 
compared as to magnitude, and used in arithmetical proc- 
esses. But the axiom of Archimedes is primarily one of 
continuity, and what is more it is possible to construct non- 


* Hilbert, Die Grundlagen der Geometrie, p. 12. 

¢ Veronese, Grundziige der Geometrie von mehreren Dimensionen, 
p. 260. 

¢ Cf. Russell, The Foundations of Geometry, pp. 147-158. 
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archimedean number systems, and geometries.* True, it 
is hard to imagine just what such geometries are like. We 
are in the habit of assuming { that if a variable increase un- 
ceasingly it will either approach a limit or eventually sur- 
pass any chosen value ; but if in non-archimedean geometry 
we lay off the same length an endless number of times on a 
straight line, neither of these will occur, the latter being 
prohibited by definition, while the former is at variance 
with our definitions of fixed length and limit. 

One more omission is worth speaking of : it occurs in the 
note to the eighteenth proposition in book six. This isa 
theorem to show that upon any segment of a straight line, 
we may construct a figure similar to a given figure, and 
similarly placed. The construction consists, of course, of 
@ composition of similar triangles; but a rigorous proof 
should be explicitly based on the method of mathematical 
induction, which is tacitly used, and also show that the 
construction is unique. Euclid naturally goes into neither 
of these subtleties, but their absence should certainly be 
noticed in a careful commentary. 

In conclusion, it is worth mentioning that Dr. Simon’s 
commentaries are all of a historical, philological, or mathe- 
matical nature, and untrammeled by pearls of pedagogical 
wisdom. This is a wise limitation, for an equally adequate 
treatment of such debatable matter as methods of teach- 
ing Euclid would have changed tbe book from a compact to 
a voluminous one, besides being foreign to the purpose of 
the historical series of which it forms a part.{ Yet itisa 
very human work withal, as may be seen from the following 
anecdote, which the writer narrates (page 19). ‘‘I found 
@ construction for a tangent to the ‘limiting circle’ which 
seemed to me equally simple and new for our old circle. I 
announced it in Munich where were assembled one hundred 
mathematicians, nearly all teachers of distinction in the 
universities ; and neither I nor any one else had a sus- 
picion that it was Euclid’s construction.’’ (Book 3, propo- 
sition 17.) 


The fact, mentioned above, that Euclid no longer pre- 
sents a living issue in American education makes it difficult 
to pass a fair judgment on Dr. Hill’sbook. Weare inclined 
to look upon attempts to ‘‘temper the wind to the shorn 


* Hilbert, 1 c. cit., p. 25 ; Dehn, ‘‘ Die Legendre’schen Satze iiber die 
Winkelsumme im Dieieck,’’ Math. Annalen, vol. 53. 
+ Conf. Osgood, Introduction to Infinite Series, p 14. 
t Abhandlungen zur Geschichte der mathematischen Wissenschaften. 
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lamb’’ by elucidating particular spots in the “ Elements’’ 
as a waste of time and energy. But we have no right to 
start from such an assumption in considering the present 
work. The simple fact is that Euclid has been, and will 
long continue to be, the foundation of geometrical knowl- 
edge in that nation which has produced Newton and Cayley 
and Sylvester. Parts of Euclid are undoubtedly too diffi- 
cult for beginners, and the book before us attempts to re- 
move the greatest of these difficulties, the theory of pro- 
portion. In American books we seek to reach this end by an 
appeal to the analogy of algebra, but herein we depart en- 
tirely from Euclid’s pattern. Professor Hill adopts a differ- 
ent, and more euclidean device: the relative multiple scale. 

Let A and B be two magnitudes which are supposed to 
be capable of comparison as well as their multiples. The 
order of succession of the various multiples of A and B is 
called their relative multiple scale, and may be represented 
symbolically by rA = sB where r and s are positive integers. 
The relative multiple scales of A,B and C, Dare equal if, for 
every positive integral value of r and s, rA = 8B is a suffi- 
cient condition forrC = sD. A simple geometrical diagram is 
introduced to exhibit the three possible relations and this 
diagram is continually presented to give the learner a clear 
idea of what he is doing. Two sets of magnitudes having 
equal multiple scales are said to be proportional, and the 
transformations which leave the proportional relation un- 
altered constitute a large part of the book. With perfect 
propriety, the author lays great stress upon the axiom of 
Archimedes, and there is throughout a commendable con- 
sistency in the method and spirit of the work. 

Such is the general scheme and, granted the author’s 
aim, and point of view, it is about the best that could be 
adopted. In some of the details, the book is almost in- 
credibly careless. 

The first proposition (page 2) is a proof of the commutative 
and associative laws in the multiplication of positive in- 
tegers, but the proofs are based upon the assumption that 
these laws hold in the case of addition. On page 6 is the 
proof that if a and b are positive integers, while a> 6, and 
R is a magnitude aR>bR. It is tacitly assumed that 
bR+cR> 6bR, or that R obeys axiom 9, ‘‘ The whole is 
greater than its part.’’ 

A multiple scale is defined (page 12) as a set of magni- 
tudes, while a relative multiple scale is a portion of a dia- 
gram (page 14). On page 29 is the corollary ‘‘If ABC bea 
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triangle, and if the sides AB, AC be cut by any straight line 
parallel to BC, then the sides AB, AC are divided propor- 
tionally.’’ This is given before the word ‘ proportionally ”’ 
is defined. 

Section 3, pages 33-36, is entitled ‘-A Chapter on Ratio,”’’ 
and from it we glean the following facts: The reader is 
supposed to have an innate idea of relative magnitude. 
‘* The ratio of one magnitude to another (which must be of 
the same kind as the first) is the relative magnitude of the 
first compared with the second.’’? Having now a clear and 
precise idea of what a ratio is, from this soul-satisfying 
definition, we are prepared for the next step, which is this: 
If we accept the axiom that a number p may always be found 
of such a sort that the relative multiple scale of p and 1 is 
equal to that of the two comparable magnitudes A and B, 
then p may be taken as the measure of the ratio of any pair 
of magnitudes having the same scale as A and B. It is in- 
teresting to notice that the author himself seems to have a 
certain diffidence about these definitions, for he does nut use 
them in any of his subsequent work, but sticks to the safe 
path of the relative multiple scale. Apparently their only 
use in the whole chapter is that it is convenient to use the 
words ‘‘ ratio ’’ and ‘‘ proportion ’’ while Euclid’s definition 
of the latter is cumbersome. 

As a last error in detail, we notice the following definition 
on page 73: 

‘* Tf four straight lines (presumably in the same plane) 
be cut by any transverse in four harmonic points, they are 
called four harmonic lines, or said to form a harmonic pen- 
cil.”’ This may be interpreted in two ways. If the author 
means that they either form four harmonic lines or a har- 
monic pencil, the former seems a perfectly useless definition 
of four harmonic tangents to a conic ; if, on the other hand, 
he looks upon the two forms of words as synonymous, and 
this seems the more natural interpretation, he is departing 
from the usual English practice of defining a pencil as com- 
posed of coplanar and concurrent lines.* 

To sum up: the book seems to us well planned but care- 
lessly executed. It has, of course, no message for the 
average American teacher, and whoever uses it must do so 
with circumspection. With this caution it may prove to 
be of some value to teachers who do not care to depart en- 
tirely from Euclid’s theory of proportion, yet find the or- 
dinary presentation beyond the grasp of their pupils. 


JULIAN LOWELL COOLIDGE. 
HARVARD UNIVERSITY. 


* Conf. Cremona, Projective Geometry, p. 22. 
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NOTES. 


A new edition of the Annual Register of the Society has 
been published, containing beside the usual information a 
complete catalogue of the periodicals contained in the So- 
ciety’s library. Copies of the Register have been mailed to 
the members and extra copies can be obtained from the Sec- 
retary. 


The opening (January) number of volume 24 of the 
American Journal of Mathematies contains the following mem- 
oirs: ‘‘ Cyclic subgroups of the simple ternary linear frac- 
tional group in a Galois field,’’ L. E. Dickson ; ‘‘ Curves 
of triple curvature,’’ by J. G. Harpy; ‘‘ Primary prime 
functions in several variables and a generalization «f an 
important theorem of Dedekind,’’ by Harris Hancock ; 
‘¢ The plane cubic curve in relation to the circular points at 
infinity,’’ by R. A. Roperts; ‘‘ Peirce’s linear associative 
algebra,’’ by H. E. Hawkes; ‘‘Groups defined by the 
orders of two generators and the order of their product,’’ 
by G. A. MILLER. 

The number contains a portrait of BENJAMIN PEIRCE. 


Tue January number (second series, volume 3, number 
2) of the Annals of Mathematics contains the following papers : 
‘Some applications of the method of abridged notation,’ 
by M. Béocuer ; ‘‘ On the roots of functions connected by a 
linear recurrent relation of the second order.’’ by M. B. 
Porter ; ‘‘ Space of constant curvature,’ by F. S. Woops. 


At THE regular meeting of the London mathematical so- 
ciety on December 12, 1901. Professor A. E. H. Love com- 
municated a paper by Mr. J. H. Micuext on the flexure of 
plates. and Lieut. Col. A. J. C. CunnincHam gave a sketch of 
Euler’s method of finding amicable numbers and announced 
two new primes. The preliminary programme for the Janu- 
ary meeting of this year consisted of the following papers : 
‘¢ Non-uniform convergence and the integration of series,’’ 
by the president, Dr. E. W. Hosson ; ‘‘ Network,’’ by Mr. 
8S. Roperts; ‘‘On quartic curves with a triple point,’’ by 
Mr. A. B. Basser; ‘‘On the integrals of the differential 
equation du//f(u) + dv//f(v) =0, where f(x) = ax*+ 
+ 6ex’ + +e, considered geometrically,’’ by Pro- 
fessor W. Snow BurnsipDE; “ On the fundamental theorem 
of differential equations,’ by Mr. W. H. Youne. 
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At a meeting of the Liverpool mathematical society held 
in University College on Wednesday, December 18, 1901, 
Professor SEBASTIAN Srrcom (President) took the chair, 
and delivered the third part of his paper ‘t On some hydro- 
dynamical problems examined,’’ dealing principally with 
the stream lines of a fluid flowing past the cassinian oval. 
Mrs. A Boore Srorr showed and explained some models 
and diagrams illustrating rotation in four-dimensional space 
about a plane; and Mr. H. W. Curse. gave some notes 
with regard to axes of regular solids and planes of sym- 
metry of regular hypersolids. 


Amonc the prizes awarded by the Paris academy of sci- 
ences at its annual meeting, December 16, 1901, are the 
following:—In geometry: The Francoeur prize to L. 
LavuGeEL ; the Poncelet prize to E. Boret.—In mechanics : 
The extraordinary prize of six thousand frances divided 
equally between MM. Tissor and Marsec; the Montyon 
prize to A. Wirz; the Plumey prize to Professor BouLvIN 
of the University of Gand ; the Fourneyron prize was not 
awarded.—In astronomy: The Lalande prize to M. 
THome ; the Valz prize to M. Cu. AnprE.—The Prix Petit 
D’Ormoy in the mathematical sviences was awarded to Pro- 
fessor G. Kornics. 

The subjects proposed for the current year include the 
following :—In geometry: The subject proposed for the 
grand prize of the mathematical sciences is to perfect, in an 
important point, the application of the theory of continuous 
groups to partial differential equations; for the Bordin 
prize (3,000 frances), to develop and perfect the theory of 
surfaces applicable to the paraboloid of revolution; the 
Francoeur prize (1,000 frances) and the Poncelet prize (2,000 
franes) will be awarded for works useful to the progress of 
pure or applied mathematics.—In mechanics: The Plumey 
prize (2,500 francs) for an improvement in the steam 
engine or any other invention contributing to the progress 
of steam navigation ; a Montyon prize (700 frances) for in- 
vention or improvement of instruments ; the extraordinary 
prize of 6,000 francs for any invention tending to improve the 
efficacy of the French naval forces.—In astronomy: The Da- 
moiseau prize (1,500 francs) for the completion of the theory 
of Saturn as given by Leverrier, publishing the rectifying 
formule and establishing the agreement between theory 
and observation ; the Janssen gold medal for an important 
discovery in physical astronomy ; the Lalande prize (540 
francs) and the Valz prize (460 francs) for general work in 
astronomy. 
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THE PRINCE JABLONOWSKI Soctety of Leipsic, announces 
for 1902 a prize of 1,000 marks for an adequate treatment 
of the following subject : 

‘¢ To complete in any essential respect the investigations 
contained in the paper of Poincaré: ‘ La méthode de Neu- 
mann et le probléme de Dirichlet,’ Acta Mathematica, volume 
20 (1896). page 59.”’ 

The prize subject proposed by the Society for 1903 is the 
following : 

‘¢ By thorough and incontestable experimental investiga- 
tion, to make an essential contribution to the determination 
of the laws of light-electric currents.’’ 


Tue Daniso AcADemy oF Sciences offers its gold medal 
for a satisfactory discussion of the following question : 

‘¢ Whether every family of tortuous curves contains limit- 
ing forms composed of straight lines.’’ In the case of a 
negative answer to the general question, the requisite limita- 
tion and conditions are to be discussed. 


Dr. Fevix Hausporrr, docent in astronomy and mathe- 
matics at the University of Leipsic, has been promoted to 
an assistant professorship. 


Dr. Facuart has been made assistant professor of mathe- 
matics at the University of Geneva. 


Proressor Mir, of Karlsruhe, has been called to an as- 
sistant professorship of mathematical physics at the Univer- 
sity of Greifswald. 


Proressor N. I. Harzipaxis, of the Military Academy 
at Athens, has been appointed professor of mathematical 
analysis at the University of Athens. 


Mr. E. Lasker, the celebrated chess-player, has been 
made lecturer in mathematics in Owens College, Manchester, 
England. 


Proressor L. MATTHIESSEN, of the University of Rostock, 
is concluding the one-hundredth semester of his ordinary 
professorship. 


Dr. B. O. Peirce, Hollis professor of mathematics and 
natural philosophy at Harvard University, has returned 
from Europe. He expects to resume the duties of his pro- 
fessorship at the beginning of the next academic year. 


Dr. C. A. LAIsant, examiner at the Ecole polytechnique 
and editor of the Nouvelles Annales de mathématiques, and 
other mathematical journals, has recently spent several 
weeks travelling in the United States. 
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NEW PUBLICATIONS. 
I. HIGHER MATHEMATICS. 


ARZELA (C.). Lezioni di calcolo infinitesimale, date nella r. univer- 
sita di Bologna. Vol. I, parte I. Firenze, Le Monnier, 1901. 
8vo. 4+ 436 pp. Fr. 9.00 


BaMBERGER (G.). Die Cassinische Fliche. (Diss.) Bern, 1900. 
4to. 33 pp., 2 plates. 


Barcui (A.). Sopra una classe di superficie applicabili e sulle loro 
flessioni; tesi di laurea. Roma, Bertero, 1901. 8vo.. 34 pp. 


Bonnet (J. F.). La géométrie atomique rationnelle. Paris, 
Gauthier-Villars, 1902. 8vo. 99 pp. Fr. 5.00 


Bouton (C. L.). Invariants of the linear differential equation and 
their relation to the theory of continuous groups. (Diss.) 
Leipzig, 1901. 4to. 62 pp. 


CuarLtouis (M. L.). Handleiding bij de studie der integraal- 
rekening. (In 3 deelen.) Ite gedeelte. Delft, 1901. 8vo. 


2+191 pp. Fr. 7.50 
CouturaT (L.). La logique de Leibniz, d’aprés des documents in- 
édits. Paris, Alean, 1901. 8vo. 12+ 608 pp. Fr. 12.00 


Durice (H.). Elements of the theory of functions of a complex 
variable with especial reference to the methods of Riemann. 
Authorized translation from the fourth German edition by G. 
E. Fisher and I. J. Schwatt. New York, Macmillan, 1901. 8vo. 
13+ 288 pp. Cloth. $2.00 


FisHer (G. E.). See Durice (H.). 


Grsson (G. A.). An elementary treatise on the calculus, with illus- 
trations from geometry, mechanics and physics. London and 
New York, Macmillan, 1901. 12mo. 19+ 459 pp. Cloth. $1.90 


Gorrinc (W.). Ueber die Natur und Methode des mathematischen 
Erkennens. (Festrede. ) Dresden, Gewerbe-Buchhandlung, 
1901. 8vo. 12 pp. M. 0.50 


Hapret (H.). Untersuchungen iiber die Konvergenz der beim 
Problem der drei Kérper auftretenden Reihenentwickelungen. 
(Diss.) Géttingen, 1900. 8vo. 60 pp. 


JAGLARZ (A.). Heron z Aleksandryi i jego problemat powierzchni 
tréjkata. (Progr.) Krakéw, 1901. 8vo. 14 pp. 


JaMeET (V.). Sur les équations anharmoniques. Marseille, Barla- 
tier [1901]. 4to. 21 pp. 


Konen (H.). Geschichte der Gleichung #??—Du?=1. Leipzig, Hir- 
zel, 1901. 8vo. 5+132 pp. M. 4.00 


Krazer (A.). Die Reduzierbarkeit Abelscher Integrale. Strass- 
burg, Triibner, 1901. 8vo. (From Strassburger Festschrift zur 
46sten Versammlung deutscher Philologen und Schulminner, 
pp- 167-187.) M. 0.80 


Krue (A.). Die lineare Differentialgleichung dritter Ordnung. 
Vol. I. (Progr.) Aussig, 1901. 8vo. 115 pp. 
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Netto (E.). Lehrbuch der Kombinatorik. Leipzig, Teubner, 1901. 
8vo. 8+260 pp. Cloth. (B. G. Teubner’s Sammlung von 
Lehrbiichern auf dem Gebiete der mathematischen Wissen- 
schaften mit Einschluss ihrer Anwendungen, Vol. VIL) 

M. 9.00 

Prokes (H.). Ueber die Normalenflichen der Flichen zweiten 
Grades lings ebener, zu einer Hauptebene dieser Flichen senk- 
rechter Schnitte. (Progr.) Kremsier, 1901. 8vo. 15 pp. 


Reimnic (K.). Ueber Faktorenzerlegung algebraischer Polynome. 
(Progr.) Rastatt, 1901. 4to. 14 pp. 


RenFrer (H.). Die Definitionen der Bernoullischen- Funktion und 
Untersuchung der Frage, welche von denselben fiir die Theorie 
die zutreffendste ist. Historisch-kritisch beleuchtet. (Diss.) 
Bern, 1900. 8vo. 100 pp., 4 plates. 


Romeo (F.). Una generazione della curva di 3° ordine e di genere 
0. Cosenza, Aprea, 1901. 8vo. 4 pp. 


Scuwatt (I. J.). See Duréce (H.). 


TiwerpDING (H. E.). Die Geometrie der linearen Funktionen. 
Strassburg, Triibner, 1901. 8vo. (From Strassburger Fest- 
schrift zur 46sten Versammlung deutscher Philologen und 
Schulmiinner, pp. 189-206.) 


UstriaLov (V.). ‘Table of prime factors of the numbers from 4 to 
10,000, as an aid to the solution of mathematical problems. 
Part I: The numbers from 4 to 5000. St. oem 1901. 
8vo. 70 pp. (Russian.) . 1.50 


II. ELEMENTARY MATHEMATICS. 


Avucust (E. F.). Vollstindige logarithmische und trigonometrische 
Tafeln. 24ste Auflage, bearbeitet von F. August. Leipzig, 
1901. 12mo. 8+264 pp. Cloth. M. 1.60 


Barsiscu (H.). See JAHNE (J.). 


Bene (A.). Die Arithmetik und Algebra; mit zahlreichen Bei- 
spielen. Leipzig, Schiifer, 1901. 8vo. 8+208 pp. (Die 
Schule des Bautechnikers, herausgegeben von F. Stade, Vol. I.) 

M. 3.50 


BLENCKE (F.). Die Verbindung des Linearzeichnens mit dem 
stereometrischen Unterricht auf Untersekunda. Essen, 1901. 
4to. 16 pp., 3 plates. 


Botte (F.). Leitfaden fiir den Unterricht in der ebenen Trigono- 
metrie, zum Gebrauche in Navigationsschulen bearbeitet. Ham- 
burg, 1902. 8vo. 4+34 pp. M. 1.00 


Bravunticn (O.). Leichtfassliche Anleitung zum Selbstunterricht in 
Arithmetik and Algebra. Teil I: 1. Die Buchstabenrechnung 
innerhalb der vier Species und die Potenzlehre; 2. Gleichungen 
des ersten Grades. Ilmenau, Reinmann, 1901. 8vo. 76 pp- 
Boards. M. 1.50 


Buraui-Fortr (C.). Lezioni di aritmetica pratica con 230 esercizi 
e 280 problemi, ad uso delle suole secondarie inferiori (ginnasio, 
scuola tecnica, scuola complementare). 2a edizione, notevol- 
mente accresciuta nella parte practica. Torino, Gallizio, 1901. 
16mo. 7+276 pp., 1 plate. Fr. 2.00 
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CHAUMEIL (J.) et Moreau (G.). Deuxiéme livre d’arithmétique. 
(Cours moyen et supérieur.) Deux mille exercices et problémes. 
Partie de l’éléve. lle édition. Paris, Larousse [1901]. 12mo. 
308 pp. Fr. 1.25 


COMBEROUSSE (C. DE). See Roucué (E.). 


Duccr (E.). Come svolgerei nell’istituto tecnico il capitolo: dis- 
eguaglianze di 1° e 2° grado; problemi di massimo e minimo. 
Livorno, Giusti, 1901. 8vo. 19 pp. 


Fisuer (G. E.) and Scuwatr (I. J.). Complete secondary algebra 
(quadraties and beyond). New York, Macmillan, 1901. 12mo. 
Pp. 277-564+18. Half leather. $0.90 


Grassi (F.). See Serret (G. A.). 


Grévy (A.). Arithmétique, 4 l’usage des éléves de troisiéme clas- 
sique et moderne et de rhétorique. 3e édition. Paris, Nony, 
1902. 18mo. 199 pp. 


Hatt (H. S.). Algebraical examples, supplementary to Hall and 
Knight’s Algebra for beginners and Elementary algebra (chap- 
ters 1-27). With answers. London and New York, Macmillan, 
1901. 12mo. 8+172 pp. Cloth. $0.50 


Hart (H. 8S.) and Kniegur (S. R.). Algebra for beginners. With 
answers. New edition. London and New York, Macmillan, 
1901. 12mo. 224 pp. Cloth. 2s. 6d. 


Hets (E.). Sammlung von Beispielen und Aufgaben aus der allge- 
meinen Arithmetik und Algebra. Ausgabe fiir die Schulen 
Oesterreichs. 4te Auflage. Kiln, Dumont-Schauberg, 1901. 
8vo. 3+ 421 pp. M. 3.00 

Hiepet (G.). Einiges iiber das Rechnen mit periodischen Dezimal- 
briichen. Wien, 1901. 8vo. 59 pp. 


JAHNE (J.) und Barspiscu (H.). Leitfaden der Geometrie und des 
geometrischen Zeichnens fiir Midchen-Biirgerschulen. 2te Stufe. 
Wien, Manz, 1901. 8vo. 4+ 50 pp. Cloth. M. 0.96 


KILLMANN (P.). Die Stereometrie. Leipzig, Schifer, 1901. 8vo. 
8+104 pp. (Die Schule des Bautechnikers, herausgegeben von 
F. Stade, Vol. 3.) M. 1.75 


—. Die Trigonometrie. Leipzig, Schiifer, 1901. 8vo. 8+64 pp. 
(Die Schule des Bautechnikers, herausgegeben von F. Stade, 
Vol. 4.) M. 1.00 

Knicut (S. R.). See Harz (H. S.). 

Lomparpi (D.). Nozioni di algebra elementare ad uso delle scuole 
teeniche e normali del regno. Napoli, Tocco, Salvietti e Gaeta, 
1901. 16mo. 87 pp. Fr. 1.50 


Mencer (J.). Leitfaden der Geometrie fiir Gewerbeschulen. 3te 
Auflage. Wien, Hélder, 1901. 8vo. 4+77 pp. Boards. 
M. 


1.10 
Monrort y Mincarro (A.). Elementos de geometria te6rico-practica. 
Madrid, Hernando, 1901. 8vo. 207 pp. Fr. 2.50 


Moreau (G.). See CHAUMEIL (J.). 
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NOUVELLES TABLES de logarithmes a cing décimales pour les lignes 
trigonométriques, dans les deux systémes de la division centési- 
male et de la division sexagésimale du quadrant et pour les 
nombres de 1 A 12,000, suivies des mémes tables 4 quatre 
décimales et de diverses tables et formules usuelles. 2e édition, 
revue et corrigée. Paris, Gauthier-Villars, 1901. 8vo. 256 pp. 
(Service géographique de l’armée.) Fr. 3.00 


Ortv Carson (S.). Nozioni intuitive di geometria elementare per 
il ginnasio inferiore, la scuola tecnica e la scuola complemen- 
tare. Firenze, Le Monnier, 1901. 8vo. 8+ 198 pp. Fr. 1.75 


Pesaresi (U.). Trattato di algebra elementare ad uso dei licei, 
conforme agli ultimi programmi governativi in data 24 ottobre 
1900. Vol. I: Calcolo algebrico; equazioni di primo grado; 
rapporti e proporzioni. Firenze, Le Monnier, 1901. 8vo. 298 
Pp- Fr. 2.00 

PIncHERLE (S.). Algebra elementare. 8va edizione riveduta. Mi- 
lano, Hoepli, 1902. 16mo. 8+210 pp. (Manuali Hoepli.) 


PrRoELt (R.). Rechentafel (2 Blitter) nebst Gebrauchsanweisung 
(15 pp.). Berlin, 1901. M. 2.00 


REHFELD (E.). Leitfaden fiir die propiideutischen Kurse in Stere- 
ometrie und Trigonometrie an Realschulen. Berlin, Reuther & 
Reichard, 1902. 8vo. 8-+88 pp. M. 1.20 


Rievet (E.). Katechismus der praktischen Arithmetik. Handbuch 
des Rechnens fiir Lehrende und Lernende. 4te Auflage. Leip- 
zig, 1901. 8vo. 8+317 pp. M. 3.50 


RosensBerG (K.). Methodisch geordnete Sammlung von Aufgaben 
aus der Arithmetik und Algebra fiir Lehrer- und Lehrerinnen- 
Bildungsanstalten sowie fiir andere gleichgestellte Lehranstalten. 
3te Auflage. Wien, Hélder, 1901. 8vo. 4+ 255 pp. Cloth. 

M. 2.60 

Rovucn£é (E.) y ComBerousse (C. bE). Tratado de geometria ele- 
mental, traducido por A. y F. Portuondo. 4a edicién. Madrid, 
Hernando, 1901. Syo. 455 pp., 12 plates. Fr. 13.50 


Rycuiicki (S.). Analytische Aufgaben nebst Lésungen fiir die 
Prima der Gymnasien. Wongrowitz, 1901. 8vo. 42 pp. 

M. 1.60 

Saussié (A.). Eléments d’arithmétique, 4 l’usage des candidats 

au baccalauréats lettres-mathématiques et aux écoles du gou- 

vernement. 3e édition. Paris, Croville-Morant [1901]. 8vo. 

160 pp. Fr. 3.00 


ScueFFLer (H.). Die Auflésung jeder algebraischen Gleichung ohne 
Zuhiilfenahme von Sinus, Cosinus und Logarithmen. Braun- 
schweig, Vieweg, 1901. M. 2.80 


Scuwatt (I. J.). See Fisner (G. E.). 


Serret (G. A.). Trattato di trigonometria piana per uso dei licei, 
tradotto in italiano sulla 7a edizione francese, col consenso 
dell’autore, da F. Grassi. 5a edizione, con note ed aggiunte del 
traduttore. Torino, Bocca, 1902. 8vo. 220 pp. Fr. 1.50 


Soccr (A.). Elementi di aritmetica razionale, ad uso delle scusie 
superiori ginnasiali. Firenze, Le Monnier, 1901. 16mo. 191 
pp- Fr. 2.00 
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Soccr (A.) e Totomer (G.). Elementi di geometria secondo il me- 
todo di Euclide; libro di testo per i ginnasi ed i licei conforme 
agli ultimi programmi. Vol. III: per la prima classe liceale. 
#irenze, Le Monnier, 1901. 8vo. Pp. 175-345. Fr. -1.50 


——. Elementi di geometria secondo il metodo di Euclide; libro di 
testo per i ginnasi ed i licei conforme agli ultimi programmi. 
Vol. 1V: r la seconda classe liceale. Firenze, Le Monnier, 
1901. 8vo. Pp. 347-530. Fr. 1.50 


Stape (F.). See Benr (A.) and Kirimann (P.). 


Stieren (M.). Beitriige zur Behandlung des stereometrischen Un- 
terrichts an der Realschule. Kénigsberg, 1901. 8vo. 34 pp. 


lil. APPLIED MATHEMATICS. 


ARGENTI (C.). Condizioni di equilibrio di un circuito flessibile ed 
inestendibile pereorso da una corrente elettrica d’intensita co- 
stante. Padova, Prosperini, 1901. 8vo. 8pp. 


BecHin (A.). Régle a calculs, modéle spécial; résolution absolu- 
ment générale, par un seul mouvement de la réglette, de toutes 
les opérations effectuées par les autres régles, avec une approxi- 
mation deux fois plus grande, et en plus, principalement, du 
produit de trois facteurs, du quotient d’un nombre par le 
produit de deux autres, etc. 2e édition, entiérement revue et trés 
augmentée. Paris, Béranger, 1902. 8vo. 9+110 pp. Fr. 1.50 


BouLancer (A.). See Preux (L.). 


CasAMASSIMA (M.). Compendio della teoria della propagazione del 
ealore nei cristalli. Roma, Off. poligrafica Romana, 1901. 8vo. 
94 pp. 


Dreyer (G.). Elemente der Graphostatik. Lehrbuch fiir technische 
Unterrichtsanstalten mit besonderer Beriicksichtigung der An- 
wendung auf den Maschinenbau. Ilmenau, Reinmann, 1901. 
4to. 6+77 pp., 4 plates. Cloth. M. 4.80 


Expert (W.). See Harzer (P.). 


Frank (W.). Ueber die analytische Bestimmung der elastischen 
Verriickungen von Fachwerken und vollwandigen Triigern mit 
Anwendung auf die Berechnung von statisch unbestimmten Sys- 
temen. (Diss.) Stuttgart, 1901. 4to. 58 pp. 


GenrckE (E.). Ueber den Geschwindigkeitsverlust, welchen die 
Kathodenstrahlen bei der Reflexion erleiden. (Diss.) Berlin, 
1901. 8vo. 27 pp. 


Geycer (E.). Die angewandte darstellende Geometrie, umfassend: 
Die Grundbegriffe der Geometrie, das geometrische Zeichnen, die 
Projektionslehre oder das projektive Zeichnen, die Dachausmit- 
telungen, Schraubenlinien, Schraubenfliichen und Kriimmlinge, 
sowie die Schiftungen. Leipzig, 1902. 8vo. 10+ 266 pp. 

M. 5.00 


Gipss (J. W.). Elementary principles in statistical mechanics, de- 
veloped with especial reference to the rational foundation of 
thermodynamics. New York, Scribner, 1901. 8vo. Cloth. 

(Yale Bicentennial Publication.) $2.50 
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See Wirson (E. B.). 


GLaEsER (F. W.). Das geometrische Zeichnen, die Projektions- und 
Schattenlehre. Leipzig, Schiifer, 1901. 8vo. 8+124 pp., 25 
plates. (Die Schule des Bautechnikers, herausgegeben von F. 
Stade, Vol. 9.) M. 5.00 


GRECHANINOV (A.). Elements of kinematics. Kharkov, 1901. §8vo. 
107 pp., 3 plates. (Russian.) 


GREINER (R.). Ueber die Einfiihrung der Bedingungen in das Ham- 
iltonsche Prinzip. (Diss.) Freiburg, 1901. 8vo. 55 pp. 


GuILHAUMON (J. B.) Exercices de trigonométrie sphérique, de cos- 
mographie, de navigation et de calculs nautiques ; ouvrage ren- 
formant plus de cent cinquante questions posées aux examens 
d’éléve de la marine marchande et de capitaine au long cours. 
Paris, Berger-Levrault, 1902. 4to. 116 pp., 3 plates. yr? 
théque du marin.) Fr. 5.00 


HazzeR (P.). Ueber die Bestimmung und Verbesserung der Bahnen 
von Himmelskérpern nach drei Beobachtungen. Mit einem 
Anhange unter Mithiilfe von F. Ristenpart und W. Ebert 
berechneter Tafeln. (Publikation der Sternwarte in Kiel, No. 
AL) Leipzig, Breitkopf und Hartel, 1901 


HASSELBERG (B.). See Tycno BRAHE. 


(H. I. ). Oewpytix 2 Vols. Athens, 1901- 
02. (Lithogr.) M. 8.00 


Horr (J. H. van’r). Vorlesungen iiber theoretische und physika- 
lische Chemie. Heft 1: Die chemische Dynamik. 2te Auflage. 
Braunschweig, Vieweg, 1901. 8vo. 11-+251 pp. M. 6.00 


Kiesitz (F.). Ueber die elektrischen Schwingungen eines stab- 
férmigen Leiters. (Diss.) Giessen, 1901. 8vo. 46 pp. 


Kirr (M.). Grundlinien der politischen Arithmetik. Teil I: Zin- 
seszins- und Rentenrechnung. Wien, 1901. 8vo. 6+117 pp. 
Cloth. M. 3.00 


Lanpreé (C. L.). Mathematisch-technische Kapitel zur Lebensver- 
sicherung. 2te vermehrte und verbesserte Auflage. Jena, 1901. 
8vo. 23+ 462 pp. M. 10.00 


MacCorp (C. W.). Velocity diagrams; their construction and their 
uses; addressed to all those interested in mechanism. New 
York, Wiley, 1901. 8vo. 4+116 pp. Cloth. $1.50 


Priierm (L.). Einige Aufgaben der Wellen- und Farbenlehre des 
Lichts. (Progr.) Cannstadt, 1901. 4to. 69 pp., 2 plates. 
M. 4.00 


Preux (L.). La physique des nombres; arithmétique expérimen- 
tale. Avec une préface de A. Boulanger. Paris, Laisney, 1901. 
8vo. 220 pp. Fr. 1.50 


Reicer (R.). Innere Reibung plastischer und fester K6rper. 
(Diss.) Erlangen, 1901. 8vo. 55 pp. 


Revutine (W.). Die Grundlagen der Lebensversicherung. Berlin, 
190]. 8vo. 12+ 67 pp. M. 2.00 


RISTENPART (F.). See Harzer (P.). 
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Roser (E.). Untersuchung des Grissongetriebes. (Diss.) Stutt- 
gart, 1901. 8vo. 40 pp., 8 plates. M. 3.00 


RUHLMANN (R.). Grundziige der Gleichstrom-Technik. Fine 
gemeinfassliche Darstellung der Grundlagen der Starkstrom- 
Elektrotechnik des Gleichstromes. 2te Auflage. Leipzig, 1901. 
8vo. 14+ 626 pp. M. 14.00 


Sackur (O.). Ueber den Einfluss gleichioniger Zusiitze auf die 
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